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Introduction 



Traditionally it is considered that roots of cobordism are contained in the work 

of H. Poincarc [27] where he introduced homology based on the notion of (what 
we would say now) smooth manifold. Only some time later as an answer to 
the critics of Heegaar Poincare turned to definition of homology using simplicial 
subdivision. On the contemporary level cobordism theory started in the works 
of L. S. Pontriagin [28], [29] and V. A. Rohlin [34]. 

The principal possibility to consider cobordism of manifolds with a stable 
normal quaternionic bundle appeared in the work of Rene Thom [39] when he 
first defined cobordism for manifolds with an action of a subgroup of the orthog- 
onal group G in the stable normal bundle and proved the variant of Pontriagin- 
Thom theorem which establishes connections between cobordism classes of such 
manifolds and homotopy groups of Thom complexes MG which he also con- 
structed. The introduction of cobordism theory associated with such group G 
gave a possibility to unify the known cases of non-orientable (0(n)), orientable 
{SO{n)) and framed (trivial group e) cobordisms. It also raised a question about 
the other classical groups. The theory associated to the unitary group was first 
studied by John Milnor [21] and S. P. Novikov [24], [25]. It actually became one 
of the main objets of Algebraic Topology. Cobordism theories associated with 
other groups, for example Spin{n), also found their applications in Mathematics 
[37]. The question about the symplectic cobordism, which corresponds to the 
group G = Sp{n) is very natural, in the same sense that we have real numbers 
M, complex numbers C and quaternions H, so what constructions and facts that 
are valid for the first two objects have any meaning for the third one. Unfor- 
tunately the case of symplectic cobordism is very difficult. The present work 
is one of the illustrations to this fact. Formally it was John Milnor who asked 
first the question about symplectic cobordism in [21] and the initial results on 
this cobordism were obtained in the work of S. P. Novikov [24], [25]. The main 
method in the works of Milnor and Novikov was the Adams spectral sequence. 
S. P. Novikov proved that for p > 2 this spectral sequence is trivial, so the 
symplectic cobordism ring MSp^, is such that MSp^, ® Z[^] is the polynomial 
algebra over Z[i] with one 4fc-dimensional generator for any natural number k. 

The next step after Novikov in the study of symplectic cobordism was made 
by A. Liulevichius [19]. He also applied the Adams spectral sequence and cal- 
culated the symplectic cobordism ring in dimensions up to 6. Then R. Stong 
[36] gave a construction of symplectic manifolds, in particular, modp genera- 
tors for odd primes p. Later R. Nadiradze constructed free involutions on Stong 
manifolds, whose orbit spaces provide examples of symplectic manifolds [22]. 

The subsequent calculations in the Adams spectral sequence were continued 
by D. M. Segal [35]. This spectral sequence is very complicated, even the cal- 
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culation of its initial term is a nontrivial algebraic problem, it is studied in the 
work of L. N. Ivanovskii [13]. 

In the beginning of 1970-ties Nigel Ray [33] applied the Atiah-Hirzebruch 
spectral sequence to the study of symplectic cobordism. He also constructed 
in [31] an infinite series of elements of order two in the symplectic cobordism 
ring MSp^. These elements B\ e MSpi, e MSpsis, i = 1,2,..., are 
multiplicatively indecomposable and close under the action of operations Si_j 
from the Landweber-Novikov algebra A^^p [26], [18]. They will play the key 
role in our investigations. 

The fundamental works of S. O. Kochman [14], [15], [17] summarize the 
application of the Adams spectral sequence to the study of symplectic cobor- 
dism. In his works Kochman computed E2 and i^a-terms, calculated the image 
of M 5p* in the unoriented cobordism ring M , found an element of order four 
in degree 111 and also computed the first 100 stems. 

The other methods of Algebraic Topology were also applied to the study 
of symplectic cobordisms. After the work of D. Quillen [30] the formal group 
techniques entered into the Algebraic Topology. Later V. M. Buchstaber con- 
structed the theory of multi-valued formal groups and applied it to the study 
of symplectic cobordism [10], [11]. This direction was developed further in the 
works of R. Nadiradze and M. Bakuradze [7], [2], [3], [4], [5]. 

Having in mind the very complicated work in the classical Adams spectral 
sequence the second author turned to the Adams-Novikov spectral sequence 
[40], [41]. The arguments are evident: this spectral sequence is based on the 
complex cobordism, which is "closer" to the symplectic cobordism than the 
ordinary homology theory used in the classical Adams spectral sequence. This 
is not justified completely: still the the Adams-Novikov spectral sequence for 
the spectrum MSp is very complicated. May be this depicts the nature of 
symplectic cobordism itself. Anyway, the Adams-Novikov spectral sequence 
is the principal tool of calculations of the present work. In [40] the second 
author studied the algebraic Novikov spectral sequence that converges to the 
initial term of the Adams-Novikov spectral sequence and in [41] calculated the 
symplectic cobordism ring up to dimension 31 where he found a counter-example 
to Ray's conjecture that "ii'O-theory decides symplectic cobordism" [32]. 

The techniques of cobordism with singularities developed by D. Sullivan 
[38] and N. A. Baas [1] was applied by the second author to the study of the 
symplectic cobordism [42]. The main result is that if we take as a sequence of 
permitted "singularities types" the following subsequence of Ray's elements 

S = (01,$l,...,$2*,...), 

then the corresponding cobordism theory will be without torsion: that is similar 
to the complex cobordism. This result shows that the elements of the sequence 
(S) serve as building blocks for construction of the whole torsion of symplectic 
cobordism. 

The classical cobordism graded rings consist of finitely generated abelian 
groups in each dimension. The complex cobordism ring have no elements of 
finite order and in the rings of the unoriented, oriented, special unitary and 
Spin cobordism all the elements of finite order have order two [37]. So the 
natural question about the existence of elements of order four in symplectic 
cobordism arises. It is known [41] that in small dimensions the ideal of the 
elements of finite order Tors MSp* contains only elements of order two. 



Introduction 



3 



The main purpose of this work is to present the structure of MSp,, in di- 
mensions up to 51 (see Table 18 at the end of the work) and a construction of 
an infinite series of elements Fjji = 1,3,4,..., of order four in the symplectic 
cobordism ring, where dim Fj = 8i + 95. The key element of the scries is Fi in 
dimension 103. So, we are proving (in Chapter 4) the following fact. 
Main Theorem (i) There exists an indecomposable element fli G MSp4Q of 
order two in the symplectic cobordism ring, such that the product ^i^e+i^^i 7^ 0. 

(a) Let Fj e< $6+ij2,r2i >, for i = 1,3,4,.... Then the elements Fj have 
order four and 2Fj = 0i$6+i^^i 7^ 0. 

Relations between the Ray's elements and the free generators in low dimen- 
sions are also given in Table 18. These relations were studied from the point 
of view of characteristic classes by M. Bakuradze, M. Jibladze and the second 
author in [6]. 

The present work was finished in the middle of 90-ties and the main re- 
sult was announced in [44]. About the same time there appeared the works 
of B. L Botvinnik and S. O. Kochman [8], [9] asserting the existence of higher 
torsion in AdSp<, . There is no intersection between these papers and the present 
work. Several years were spent for verification of our calculations. At that time 
the interest to symplectic cobordisms largely diminished, even the term "sym- 
plectic cobordism" is using now in a different sense: as cobordism of manifolds 
with symplectic structure, i.e. closed non-degenerate differential 2-form [12]. 
On the other hand there exists an opinion that our claim of the series of order 
four is not justified by calculations. So finally we decided to submit this text of 
our work. Otherwise a lot of labor would be lost. 

The work is organized as follows. In the first Chapter we prove the necessary 
facts about the action of Landweber-Novikov operations on the Ray's elements. 
This action is the essential tool in our calculations. Results are places in Table 9 
at section Tables of the work. 

In Chapter 2 we study the so-called modified algebraic spectral sequence 
(MASS) which converges to the initial term of the Adams-Novikov spectral 
sequence. First of all we precise the projections of Ray's elements in terms 
of the generators of MASS. Together with the results of the previous chapter 
this gives the possibility to fix the action of Landweber-Novikov operations on 
the generators of MASS. This action is presented in Table 10. Then we study 
matrix Massey products in MASS and describe the following cells of the MASS: 
E^a'^'*, E^a'"'* and ^2'^'* for t < 108, results are given in Tables 11, 12 and 13. 
In the last section of Chapter 2 we prove a theorem that in these dimensions 
there is no higher differentials and E2 = E^o] relations for E^o are presented in 
Table 14. 

In Chapter 3 we start with algebraic description of the initial term of the 
Adams-Novikov spectral sequence for MSp for the topological dimensions up 
to 56. The graphical description of this term takes a lot of volume in Table 15. 
In Table 16 multiplicative relations are given. The second part of this Chapter 
is devoted to the calculations of the differential 1^3. The main tool is the action 
of Landweber-Novikov operations. Results are presented in Table 17. After 
that we reconstruct the term ^4 and see that it coincides with E^o what gives 
the possibility to determine symplectic cobordism ring in dimensions up to 51, 
Table 18 depicts the result. 

In Chapter 4 we prove the Main Theorem based on the given calculations. 



4 Introduction 

The authors are very grateful to Malkhaz Bakuradze for his valuable re- 
marks. 



Chapter 1 



Action of 

Landweber-Novikov 
operations on the Ray's 
elements 

As we had already mentioned in thc^ Introduction N. Ray constructed in [31] a se- 
ries of elements in the symplectic cobordism ring di G MSpi, $i € MSpsis, i 

1.2 which are multiplicatively indecomposable and close under the action 

of operations Sui from the Landweber-Novikov algebra A*^'''p. For our purposes 
we need exact values of these operations on the elements <i>i. Stanly Kochman 
proved in [16] a formula giving a possibility to calculate the action of an arbi- 
trary Landweber-Novikov operation on any Ray's element <i?i. Let us remind 
Kochman's construction. Denote by h : 'Kt:{MSp) — >■ MSp^{MSp) the gener- 
alized Hurewicz homomorphism, {1, 6o, . . . , 6„, . . .} is the canonical 7r*(MS'p)- 
basis for MSp>,{MSp)] deg6„ = 4n, then the equality h{x) = YliE^Ebs is 
equivalent to the following assertion: the action of the Landweber-Novikov op- 
eration Se on X is equal to Se{x) = xe- Here we have E = {ei, . . . , e„), Ci G N, 
bs = bl^ . . .6^" and x,xe & 'JT^{MSp). The following formula [16] is valid for 
n = 2m: 



m m—i—1 

m—1 

+ J2 b2kX{B)f^l2k-i^o. (1.1) 

fc=0 

Here B = l-|-6i-|-... + 6t + ...; -B^_fc denotes the component of of degree 
4n — Ak; x is the conjugation in the Hopf algebra MSp,,{MSp): 

r>0 n>qr>...>qi>t 
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CHAPTER 1. LANDWEBER-NOVIKOV OPERATIONS 



Let us calculate the value of some operations S^j on the elements using the 
formula (1.1). 

Lemma 1.1. a) Let mk be even and mk < 2n — 1. Then the coefficient a^.^ 
before h'^ in x(-B)^^~'^'" is equal to the expression: 

n \ ^ \ ^ / -i\r+lf~tm—ir ^V— V-i 

"m;fe — 2^ 2^ \ ^) ^2n-(m-v)fc 27i-(rn-v-i)fe 



r>0 TO>jr>...>jl>0 



fill 

• • • ^2n-{m-ii)k^2n-mk- 



(Here denote as usual the binomial coefficient, ifm>n, then C™ = 0^. 

b) If mk = 2n — 1, then the coefficient J^.^. before 6™ in x{B)2k-i is given 
by the formula: 



.n \ ^ \ ^ / 1 \r+l/^TO— ir /^V— V-i /ois— i2 /^i2 — 1 

lm;k — 2^ \ ^) '^kir+r^kir-\+\- ■ -^ki^+V^k+X ■ 

r>0 m>Zr>...>i2>l 

Proof Consider the case a) . It is evident that the monomial 5™ appears in the 
decomposition of x(-S)fe^ only in the following expression: 



/■^\r+lQ^n-k{m-ir) ^2n-k{m-ir-i) ^2n-fc(m-ii)^2n-fem 
/ ^ ^ ^ k{m—ir) k{ir—ir-i) ' ' ' k{i2—ii) ki\ 

r>0 m>ir->...>ii>0 

Analogous expression appears in the case b). □ 



Lemma 1.2. The result of the action of the operation Sk,...,k (k is taken m 
times) on the element is equal to: 

'^)'^mk^n-mk/2j if k is evcu, m is even and mk <2n— 1; 

^)«n;fe + "m-i;fe)*n-mfe/2, if k is cvcn and mk <2n- 1; 

'^hm-.k^i' if mk = 2n-l. 

Proof is evident. 

Remark 1.1. It follows from the equality = 2(T?J3^pT^2m-i 

0^:^,-^=0 mod 2. 

Consider an arbitrary summand in the decomposition a^.^, when m = 2s — 
l,k = 2q: 

V ^2n-k{m-ir) 2n-k(m-ir-i) " 2n-k(m.-ii)^2n-km- 

For this summand to be non-equal to zero mod 2 the fulfillment of the following 
conditions is necessary: 

ii = mod 2, i2 = mod 2, . . . , m = mod 2. 

But it is not true, so ct2a-i;2q = i^od 2. 
Corollary 1.1. If n > k then we have: 

Sk,k^n = {n- k)^n-k mod 2. 
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Proof. For any k we have qJ^ = -C|(„_^ + Cl^-kC2(n-k) 

= {n-k) mod 2. If A; = 2s, then a^.^. = -CaV-s) = 2. □ 

Corollary 1.2. T/ie is i/ie formula : 

{{n — k)^n-3s mod 2, ifk = 2s,3s<n, 
(n - k)ei mod 2, «/ 2n + 1 = 3fc, 
0, TO i/ie other cases. 

Proof. Let A; = 2s, 3s < n then result of the action of the operation Sk,k,k on 
the element $„ is equal to {al^.j. + a2.i.)^n-3s ■ From the Corollary 1.1 we have 
aj.^; = {n — k) mod 2, but 0:3 2^ =0 mod 2 according to the Remark 1.1. Let 
3fc = 2n + 1, then 7I = C22(„_fc) - C^^^-.^^a^n-.) ^(n-k) mod 2. □ 

Definition 1.1. Let us define the following function of the integer arguments 
fi{n; k) by the formula: 



Kn; k) 



1, if n is odd, k is even, 
0, in the other cases. 



Corollary 1.3. Let 2k < n, then we have the formula: 

Sk,k,k,k^n = (C|(„_2fe) + k))<Pn-2k mod 2. 

Proof. According to Remark 1.1 ajj. = mod 2, if k is even. In the decomposi- 
tion of the number ajj, all the summands except C2(n-2A;) ^^'^ ^2{n-k)^2{n-2k) ~| 
(n — k)(n — 2k) are even. We have (n — k){n — 2k) = 1 mod 2 only if n is odd 
and k is even. □ 

Corollary 1.4. a) If k = 2s and 5k < 2n — 1, then we have the formula: 

Sk,k,k,k,k^n = (C2(n-2fe) + n)^n-5s mod 2. 

b) If 5k = 2n — 1, then we have the identity: 

Sk,k,k,k,k^n = C'ft+i^'l mod 2. 

Proof, a) According to Remark 1.1 a" 2s = mod 2. We have, Sk,k,k,k,k^n = 
a^-k^n-bs mod 2. According to Corollary 1.3 a^^^ = i^2{n-2k)~^i''^~^)('"'~^^)) 
mod 2. However for fc = 2s we have (n — 2s) (n — 4s) = n mod 2. 

b) In the decomposition of the number 75.^. the majority of summands con- 
tain factors Cfe+i or C^i^_^i, Cl+i, and because k is even, these factors are even. 

So we have 7^.^ = (C^+i -C|fe+iCfe+i) mod 2. Let fc = 2s- 1, then C|^+iC^+i 
~i2 r^2 

^2(3s-l)'-^2« 



<^lf3.-nt^2. = (3s - l)s = mod 2. □ 



Corollary 1.5. Let 3k < n then we have the formula: 

^ ,(n + l) , (n — 2) ..^ 
SkMMMMM^n = ( 7, — fJ-W «) H n — f^i^' '^))*n-3fe mod 2. 
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Proof. If k is even, then according to Remark 1.1 we have a^.f. = mod 2, and 
there is the foUowing comparison mod 2: 

'^6;k = ~^2(n-3fc) + ^2(n-2fc)^2(n-3fe) + ^2(n-fe)^2(n-3fe) 

2 2 2 _ (n-3fc)(n-3fc-l)(n-3fc-2) 

'-"2(ra-fe) "-^2(71-2*;) '-^2(ri-3fc) — 2 

(n - 2k){n -2k- l)(n - 3fc) (n - 3A:)(n - 3A; - l)(n - fc) 

2 2 
71 — SA" 

- (n - A;)(n - 2k){n - 3k) = — —{-{n -3k- l){n -3k -2) 

+ {n- 2k){n - 2k - 1) + {n - 3k - l)(n - k)) - fj.{n; k) 

n — 3k 



-((n -3k- l){k + 1)2 + (n - 2fc - l)(n - 2)) - ^(n; k) 



2 

= l/2{n - 3k){n -2k- l)(n - 2k) - ii{n; k) mod 2. 
There is also such a comparison mod 2: 

(l/2)(n - 3k){n - 2k)(n -2k -I) 

{{n — 2fc)/2, if n is even and k is odd, 

{n — 2k — l)/2, if fc is even and n is odd, 

0, in the other cases. 

Hence we can write ag.j, = fj,{n;k){{n — 2k — l)/2) + ^{k;n){{n — 2k)/2) — 
nin; k) = nin; k){{n+ l)/2) — ^{k; n){{n — 2)/2) mod 2. In ah our calculations 
we supposed that 3k < n — 3. Let now 3k = n — 2, then we have ag.^. = 
2{k + 2) - 3{k + l)(fc + 2) = mod 2. It follows from the expression 3fc = n - 2 
that k = n mod 2. Let 3fc = n — 1, then: ag.^ = — Cj^^,,,-^-) + (fc + 1) mod 2. 
Consider separately various cases. Let k = 1, then: n = 4, ag.^ = 1 mod 2. 
This coincides with the value given by the formula. Let now fc > 1. We have: 
a^.fc = -(A:+l)fc/2 + A;+l = (fe + l)(fc-2) mod 2. If A; is even (then n is odd), 
this coincides with {k — 2)/2 = (n — 3)/2 = (n + l)/2 mod 2. If k is odd (n is 
even), this is comparable with {k + l)/2 = 3(A; + l)/2 = (n - 2)/2 mod 2. □ 



Corollary 1.6. Let k = 2s, 7k <2n — 1, then there is the formula: 

Sk,k,k,k,k,k,k^n = n[{n + l)/2]$„_7s mod 2, 
([x] denotes the integer part of the number x). 

Proof. We have aY.2s = mod 2, and the formula for ag.2jj from Corollary 1.5 
becomes (because of relations /x(n; 2s) = n mod 2,/x(2s;n) = mod 2), the 
following comparison a2-2s = 'n[{n+ l)/2] mod 2. □ 



CoroUciry 1.7. Let 4k < n, then we have the formula: 

Sk,k,k,k,k,k,k,k^n = (m(«; k) + {n/2)n{n + l;k) + C|(„_4fe))*n-4fe mod 2. 
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Proof. Let us calculate the value of aj^.. Having in mind Remark 1.1 we have 
the comparison mod 2 (if 4A; < n — 4): 

(^8;k = ~C'2(n-4fe) + <^2(n-3/s)<^2(n-4fe) + (^2(n-2k)^2{n-4k) 

I y-i6 /o4 ^2 /o2 

+ ^2{n-k)^2{n-4k) ~ ^2{n-2k)^2{n-3k)'-'2{n-ik) 

i-i2 r'2 f~i2 f~i2 y-ii 

~ '^2(n-fe)'-^2(n-3fe)'-^2(n-4fe) ~ <-^2(7i-fe)'-^2(n-2fe)'^2(n-4fe) 

I /~i2 y-i2 ^2 f~i2 _ ^8 

+ '^2(n-fe)*^2(n-2fc)<-'2(r(-3fe)'^2(n-4fe) = <^2(n-4fc) 

+ n{n, k) + {n- 2k){n -2k- l)(n -2k + l)(n - 4fc)/4. 

If n = 2s + 1, then ("-2fc)(n-2fc-l)(n-2fc+l)(n-4fc) =^(^^1^ = j^^^j 2. If 

n = 2s, then 

(n-2fe)(n-2fe-lKn-2fe + l)(n-4fc) ^ ^^^^ _ ^^^^^^ _ 

n/2, if fc is even, 
0, if /c is odd. 

So, (n - 2fc)(n - 2fc - l)(n -2k + l)(n - 4fc)/4 = /i(n+l; k){n/2). Let n-4fc = 
3, we have 

4/S+3 _ ^6 , ^4 , ^2 

•^Sife — *-^2(fe+3) + *-^2(2fe+3) + '^2(3fc+3) 

/^4 f^2 /~i2 fi2 f~i2 

~ '-^2(2fe+3)'-^2(fc+3) ~ '^2(fe+3)'-^2(3fe+3) ~ '-^2(2fe+3)'-^2(3fe+3) 

+ ^2(2fe+3)^2(3fc+3)^2(fe+3) = + 1 = ^(4^ + 3; fc) mod 2. 
Let n — 4fc = 2, then 

^4fe+2 _ ^4 f^2 (-i2 

"8;fe — "-^2(2^+2) <^2(2fe+2)^2(3fe+2) 

s (A; + l)(2fc + 1) = l;fc)(n/2) mod 2. 

Finally, let n — 4fc = 1, then we get 

a^!}+i = + 1 = /x(n; fc) mod 2. 

□ 

Corollary 1.8. If k = 2s and 9k < 2n, then 

Sk,k,k,k,k,k,k,k,k^n = {n+{n + l)[n/2] + C'|(„_4fc))^n-9s mod 2. 

The proof follows directly form the previous formula because of the condition 

k = 2s. 

Corollary 1.9. Let 5k < n, then we have: 

Sk,k,k,k,k,k,k,k,k,k^n = k) + {n- fc)C2(„_4fe))$„-5fe mod 2. 
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Proof. If 5fc < n — 5, then we have 

"lO;/c — "-'2(n-5fe) "-'2(n-4fe)'-^2(n-5fc) "r "-'2(n-3fc) ^2(n-5fe) 

I /^4 I *^2 *^2 i^2 

"T '-"2(n-2fe)"-'2(n-5fe) "-^2(n-fe) '-"2(n-5fc) '-"2(n-3fe) '-^2(n-4fe) "-"2(n-5fe) 

y^4 yo4 y^2 yo4 y^2 /^2 /^2 

'-'2(n-2fe)'-'2(n-4fe)'-'2(n-5fe) ^2(n-2fe) '-"2(n-3fe) '-'2(n-4fc) '-'2(n-5A;) 

^2 /-(6 /--r2 I /o4 ^2 

~ '^2(n-fe)<^2(n-4fe)<^2(n-5fc) "-^2(71-*;) "-^2(71-3/;) <-'2(n-4fc)'-^2(n-5fe) 

^4 ^2 ^4 I ^2 ^2 /^4 ^2 

^2{n-2k)'^2{n-3k)^2{n-5k) '^2(n-fe)'-'2(n-2/c)'^2(n-4fe)'^2(n-5/s) 

/o2 /^4 I /^2 /^2 /^2 /^4 

'^2(n-fe)*-^2(n-3fe)'^2(n-5fe) *-^2(n-fe)*-^2(n-2fe)'-^2(n-3fe)*-^2(n-5fe) 

^2 y-l2 y-l2 f~l2 f-i2 

^2{n-k)^2(n-2k)^2{n-5k)^2{n-Ak)^2{n-5k) 

~ ^2{n-k)^2(n-2k)^2{n-hk) = - ^)C'2(n-4fc) 

- iJ.{n; k) + {n- 5fc)(l/4)(n - 2k){n -2k + l)(n -2k- l)(n - 4fc) mod 2 
We have: 

(n - 5fc)(n - 2fc)(n -2k+ l)(n - 2A; - l)(n - 4k) 
4 

(n/2 — k)n/2 = 0, if n is even and k is odd, 
= { ((n + l)/2)((n - l)/2) =0, if A; is even and n is odd, 

0, in the rest cases. 

Cases when n — 5k < 5 are considered by the direct substitution. □ 

Corollary 1.10. Let k — 2s and lis < n, then we have the formula: 

Sk,k,k,k,k,k,k,k,k,k,k^n = {n + nCf(„_4^) )$„_iis mod 2. 

Proof. If fc = 2s, then q;"q.^ = ('^C2(n-4/c) + '"') mod 2, and a"^ fe = mod 2. 

□ 

CorollEiry 1.11. Let 6k < n, then we have the formula: 

Sk,k,k,k,k,k,k,k,k,k,k,k^n = ilJ'in; k){v? + 3)/4 + [n/2]([n/2] - k) 

+ ^(n-2fc)C^_4fe+i)$„_6« mod 2. 

Proof. Let us calculate the value OL^2-k^ supposing that 6fc < n — 6. Cases with 
6fc > n — 6 are considered by the direct substitution. 

ai2;fe 



^12 j_ f^2 

^2(ri-f,k) + '-^2(n 


-fc) 


^2(n-2fc) 


/^2 y-^2 /^2 /^2 
'-^2(n-3fe) '-"2(n-4fe) *-'2(ra-5fe) '^2(' 


, Alio ^2 
+ '^2{n-bk)'^2{n- 


-6fc) 


+ '^2(n- 


^2 

3fc)'-'2(n- 


^2 

-4fc)'-'2(n 


p2 


-6fe) 


+ "-^2(n-4fc)"-^2(n- 


-6fc) 


+ C'2(„_ 


/o4 

2fc)'-^2(n- 


^2 

-4fc)'-^2(n 


^2 
-5fc)'-^2(n- 


-6fe) 


+ '-'2(n-3fc)'-"2(n- 


-6fe) 


+ ^2(n- 


-k)'^2{n- 


^2 
-4fc)'-^2(n- 


^2 
-5fe)^2(n- 


-6fe) 


+ ^2{n-2k)^2{n- 


-6fc) 


+ C'2(ri- 


^2 

2fc)'-^2(n- 


>^4 

-3/c)'-^2(n 


^2 


-6fe) 


1 ^2 

"-^2(n-/c)"-^2(n- 


-6fe) 


+ '^2(n- 


/^4 
fc)"-^2(n- 


/^4 

3fe)^2(ri- 


^2 

5fe)^2(n- 


6fc) 


/^8 ,^2 
~ '-^2(n-4fc)'-^2(n- 


■5fc) 


p2 


~ <-'2(n 


^4 
-3/c)'-'2(ra 


^2 


-6fe) 
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^4 ^6 f-a ^8 

~ '^2(n-2fe)<-^2(n-5/c)'-^2(n-6fe) ~ '-^2(n-fe)'^2(n-5fe)'-^2(Ti-6fe) 

/-t6 /^2 ^4 /^4 /-(4 ^4 

*^2(n-3fe)'-^2(n-4fe)<-'2(n-6fc) '-^2(n-2fe)'^2(n-4fc)'-^2(n-6fe) 

y^2 ^6 /o4 y^4 ^2 

"-^2(ri-fc)'-'2(ri-4fc)^2(n-6/c) "-^2(n-2fc) '-'2(n-3fe) ^2(n-6fe) 

y^2 ^6 /o4 ^2 y-^2 ^8 

'-^2(Ti-fc) "-^2(n-6fc) '-^2(n-3fc) "-^2(n-fc) "-^2(71-2/;) *^2(n-6fe) 

I ^2 ^2 ^6 ^2 

"T '-^2(ra-fc)"-^2(n-2fc)'-'2(n-5fc)"-^2(n-6fe) 

I >^4 y^2 >^2 /^i 

'^2(n-2fc)'-^2(n-3fc)'-^2(n-4fe)'-^2(n-6fe) 

I /o2 f-^i /-tl /o4 

"T '-'2(n-fc)"-^2(n-3fe)'-'2(ra-4fe)"-^2(n-6fe) 

I r-il r^l y^4 y^4 

+ '-'2(n-fc)'-^2(n-2fc)'-'2(n-4fc)'-^2(n-6fc) 
I 

"T '-^2(n-fc)"-^2(n-2fc)'-'2(n-3/c)"-^2(n-6fc) 



/^4 
~ <-'2(rt- 


^2 

-2fe)'-^2(n- 


^2 

-3/c)"-^2(n- 


^2 

-4fc)'-'2(n- 


^2 


~6fc) 


^2 


-fc)'-^2(n- 


^2 

-3fc)'-^2(n- 


-4/c)'-^2(n- 


-5fc)"-^2(n- 


-6fc) 


^2 


^2 

-fc)'-^2(n- 


/^4 

-2fc)'-'2(n- 


^2 

-4fc)"-^2(n- 


^2 
-5fc)"-^2(n- 


-6fc) 


- r2 

'-^2(n- 


-fc)^2(n- 


^2 

^2fe)^2(n- 


/^4 
-3fe)^2(n- 


-5fc)"-^2(n- 




^2 


^2 
-k)^2{n- 


-2fc)^2(?i- 


-3fc)'-^2(n- 


x^4 
-4fc)'-^2(n- 


-6k) 



= 'i') + C2(n-2k)^2(n-ik)^2(n-&k) 

+ i(n - 2fc + l)(n - 2fc)(n - 2A; + l)(n - 4fc)(n - 5A;)(n - 6fc) 
- ^ (n - 4fc) (n - 4A; - 1) (n - 4fc + 1) (n - 4A; - 2) (n - 4fc - 3) (n - 6fc) mod 2. 
We have the following comparisons mod 2: 

i(n - 2A: + l)(n - 2k){n -2k + l)(n - 4fc)(n - 5fc)(n - 6fc) 



^(n - 4fc)(n - 4A; - l)(n -Ak + l)(n - 4fc - 2)(n - 4fc - 3) 



n--2fc 5 

I ^ JW-4fe+li 



^2(n-2k)^2{n-ik)^2(n-6k) = [■2]'-[2] ~ 



□ 



Corollary 1.12. If k = 2s and 13s < n, then: 

^k,k,k,k,k,k,k,k,k,k,k,k,k 

= (n[(n2 + 3)/4] + (n/2)C^+i + [n/2])$„_i3« mod 2. 
Proof. In the case k = 2s we have the following comparisons: 

— ^ — = - mod 2, C^_4k+i = C^+i mod 2, /x(n; fc) = n mod 2. 

□ 
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Wc put the obtained results in the Table 9 where only nonzero values are 
depicted. 



Chapter 2 

Modified algebraic spectral 
sequence 

2.1 Preliminary information 

For the calculation of the initial term E2'* of the Adanis-Novikov spcictral 
sequence converging to MSp,, the second author had built in the works [40, 41] 
the so called modified algebraic spectral sequence (MASS) which converges to the 
initial term iSj * of the Adams-Novikov spectral sequence. He had also proved 
that its initial term E^'*'* in this case has especially simple structure: it is a 
three-graded algebra isomorphic to the polynomial algebra over the field Z/2: 

^q,s,t ^ z/2[/io, /ii, . . . , /ij, . . . ; ui, . . . Uj, . . . ; C2, C4, . . . , c„, . . .] . 

where i = 0, 1, 2, . . . ; j = 1, 2, . . .; n = 2, 4, 5, . . ., n 7^ 2*= - 1, deg /iq = (2,0,0), 
deghi = (1,0,2(2' - 1)), degw,- = (0,1,2(2^ - 1)), degc„ = (0,0, 4n). 

For the calculation of the symplectic cobordism ring MSp^, , the second au- 
thor in the papers [40, 41, 42] used the following scheme. At the beginning 
the modified algebraic spectral sequence, MASS, for the spectrum MSp (or 
algebraic spectral sequence, ASS) is calculated. The term E^*'* (as well as 
the corresponding term of ASS) is associated to the initial term of the Adams- 
Novikov spectral sequence E2'*. This spectral sequence in its turn converges 
to the ring MSp^,. Using this scheme the ring MSp^, was calculated up to di- 
mension 31 [41]. In this chapter we make the calculations of the term E^'''^ of 
MASS for t < 108. 

Let di denote the first differential of the MASS and (/?„ (respectively 61) 
denote the projection of the Ray's element (respectively $0) in the term 
E^'^'* of MASS. Let us introduce the following notations. If n = 2m — 1 and 
m = 2*i~^ + . . . -I- 2*9 ~^ is the digital decomposition of the number to (2 < ii < 
■ ■ ■ < iq,q > i), then the generator c„ we denote by Ci^^,,,^i^, and the element 
ifm we denote by 'Pii,...,ig. The element C2i-i we denote by ci,i. 

The following facts were proved in the works [40, 41, 42, 43]. The analogous 
facts for the classical Adams spectral sequence were proved by S. Kochman [14]. 

1) On the generators c„ the differential di acts by the following way: 

a) if n is even and not a power of 2, then it is possible to choose the element 
On in such a way that it becomes an infinite cycle in MASS; 
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b) 

diicij) = Uihj + Ujhi\ (2.1) 

c) 

<^i(cii,...,ij = ^ (wit/ij, +Ui>iJci,ii •••ci,i^ •••ci,ij •••ci,j,; (2.2) 

l<s<t<g 

2) The generators ho,Uj are infinite cycles and the following equalities hold 
in the algebra E^'*'*: 

Ul = 6i,Ui = ip2i-2,i = 2,3, . . . 
q 

Vn,...,j, =UlCn,...,i^ +^MjtCi,ii •••ci,ij •■•ci,i^ + ^V>qCJ^, (2-3) 

i=l J 

where the elements cj^ € £2''^'* are infinite cycles, (pq are the projections of the 
elements $g for q <m. 

3) For all j = l,2,.. ., there is the formula: 

di{hj) = hoUj. 

Let us introduce the following notation according with the formula (2.3): 

J, 

Then we can choose elements or elements (pn as the generators in E",*?'^'*, 
r > 1. The differentials dr,r > 1, conserve the grading t, increase the grading s 
by 1 and increase the grading g by r. 

Initial term of the Adams-Novikov spectral sequence has the following de- 
scription: 

E2'* = ExtABp{BP*{MSP),BP*). 
There exists a filtration F'^E^* , such that we have an isomorphism 

FiE'//F'^+^E'/ ^ E^J'\ 

connecting the subfactors of term E^* of the Adams-Novikov spectral sequence 
and the term E^^'* of MASS. 

2.2 Projections of Ray's elements into the 

MASS and action of Landweber-Novikov 
operations on the elements Ci 

It is proved in the work of the second author [6] that the projection of the Ray's 
element $3 can be chosen in the form: 



(fS = U1C5 + U2C4 + U3C2. 



(2.4) 
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Lemma 2.1. It is possible to choose the element C2m-2 in such a way that for 
the decomposition of the element (pm from (2.3) the following condition holds: 

VqCj^ = U2C2m-2 + W3(C2m-4 + decomposable ) + ^ <Pq'Cj^, 

Jq Jql 

(where q' > 3). 

Proof. From the condition S2m-2^m = U2 {S2m-i'^m = respectively) it 
follows that in the decomposition present the following summands 'U2C2m-2 
{u3C2m-4 respectively). If we take if necessary instead of C2to-2 the element 
^2m-2 = C2TO-2 + (decomposable elements of power 2m— 2), we get the necessary 
equality. □ 

Let us precise the form of projections of some Ray's elements in MASS 
and also calculate the action of Landweber-Novikov operations on the elements 
Ck ■ In all the calculations given below in the subsections from 1 till 9 everything 
is made mod 2 and hence all the equalities are relations mod 2. 

1. Applying the operation 5*1 to the decomposition (2.4) we get that Siips 
= = ui{SiC5 + C4). Hence S1C5 = C4. 

Let us apply the operation ^2 to the decomposition (2.4). We get that 
S2'P3 = U3 = 112(5204 + C2) + U3S2C2. Hence, S2C4 = C2, S2C2 = 1. 

Using the operation 53 we get that S^ip^ = ui{SsC5 + C2), or S3C5 = C2. 
Applying the operation ^2,2 we have ^2,204 = 0. 
And finally using ^5 we get an equality = 1. 

2. The projection 1^5 of the element $5 has the form: 

ifS = U\Ci + W2C5 + W3C6 + M4C2 + ,9(p3C2 

Let us apply the operation ^2.2 to this expression, we get 

52,2<P5 = iy?3 = Ml52,2C9 + U2S2,2Cs + U2S2CQ + (pz + P^fs + M2,Sc|. 

Hence, 52,2C9 = 0, 52,2C8 = 820^, = 0. 
Finally the form of (^5 is the following: 

lp5 = U1C9 + U2C8 + U3C6 + W4C2. 

Using the obtained decomposition let us calculate the values of the operations 
Su on cg, C8 and cq. 

3. The projection of the element $6 has the form: 

(fie = Micii + U2C10 + U3C8 + U4C4 + U3{l3icl + P2C2) + fizPzca + ^41*402. 

Applying the operation ^4,4 we get: S^^nipQ = = Piu^. Hence, j3\ = 0. 
Applying the operation Sewe get: 

SePa = P3= uiSeCii + U2S6C10 + U3C2 + W2C4 + jSzifis + p4,U2cl. 

Hence SqCh = C5, P3 = 0, SqCio = Picl. 
Let us apply the operation 52,2, we get: 

52,2<P6 = = Ml52,2Cll + U252,2ClO + U2C2C4 + 'P3C2 + + U3C2 + U2CQ. 
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Hence, S'2,2Cii = C2C5, = 0, S'2,2Cio = cq. 

Let us apply the operation 52,2,2,2, we have: >S'2,2,2,2¥'6 = W3 = /32U3. Hence, 

The final form of the projection (^g of the element $6 is the following : 

IP6 = MlCii + ^2010 + U3C8 + U3C2 + U4C4. 

Using the obtained decomposition let us calculate the results of the action of 

the operation S^} on the elements cn, ciq. 

4. The projection (^7 of the element $7 has the form: 

ifr = U1C13 + U2CiCs + M3C2C8 + U4C2C4 + W2C12 

+ W3(cio + I3icl + I32clce) + (fisiPacl + PiC^) + fi^UiCQ + Peip^cl. 

Applying the operation 85^5 we have: S^^^ip-j = = ^3(1 + j3\), hence, /3i = 1. 
Applying the operation S'2,2 we get: 

'S'2,2¥'7 = </?5 = Wl5'2,2Cl3 + M2(c8 + + 5'2.2Cl2 + 04(1 + 

+ 4{l +132+ Pa)) + U3(C2C4 + /32C6 + C^) + f3{c4 

+ c\(\ + /33 + /35 + /^e)) + W4C2 + /Se'/'s- 
It follows from this equality that (3^ = 0, (3^ = P^, 52,2013 = C4C5 + c|c5 + cg , 

/32 = 1, 52,2Cl2 = ^3cl + /34ci. 

Applying the operation Sq we have: 

Se^pr = Ui = uiSqC\z + U2SQC12 + U2P5C6 + PsUi- 

Hence, (35 = 1, SqCis = 0, 56012 = ce, /^s = 1- 

Let us apply the operation 52,2,2,2, then we have: 

52,2,2,2<^7 = = ^152,2,2,2013 + W2(52,2,2,2Cl2 + cl) + (^3(1 + Pi). 

Hence, /?4 = 1 , 52.2.2.2fi;! = 0, 52, 2, 2. 2^12 = c-^ ■ 

The final form of the projection of $7 will be the following: 

ifr = U1C13 + U2C4C8 + W3C2C8 + ^40204 + ^2012 

+ ^3(010 + C5 + C2C6) + (fsicl + c|) + U4C6. 

Using this decomposition let us calculate the result of the action of the operation 
Su on the elements C13 and C12 . 

5. The projection (^9 of the element $9 has the form: 

(PQ = UlCn + U2C16 + M3C14 + U3(,5i2C2Cio + A3C2C5 + Puctce 

+ Plbclco) + ipz{j3iCi2 + p2cl + Pscl + Piclcl) + U4{P5cl + PqcIcq 

+ /37C10) + V5{Ps,c\ + Pgct) + Pioipece + Pniprcl + U5C2. 

Choose the element C14 in such a way that P12, P13, Pn, P15 = 0. 
Applying the operation 5iowe get: 

Sl0(p9 

= U4, = Ul5ioCi7 + M2(5l0Ci6 + PiqCq) + <^3C2 + U3(52Ci4 + PllC^) + PlUi- 
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It follows from here that ^7 = 1, 5ioCi7 = C2C5, SioCie = C2C4 + PioCe, SioCu = 
Let us apply the operation S12, we have: 

Sl2^9 = (f3 ^ UiSi2Cir + U2(5'l2Cl6 + Plicj) + U3C2 + P1IP3S12C12. 

It follows that (3i = 0, S12C17 = C5, 512016 =04 + /3iic|. 

Let us apply the operation 56,6, then we have: /Se.eVg = fa = uiSe^cn + 
U2{Sq.qciq + c|(/36 + /3ii)) + <^3(/32 + Pw), that gives: P2 + Pq = 1, ^6,6017 = 0, 

56,6016 = c|(/36 +/3ii)- 

Let us apply the operation ^2, we get: 

82^9 = W5 

= Ul52Ci7 + U252C16 + U2C14 + M352C14 + (^sCio + M4C4 + U4C2 
+ ip7C2 + U5 + W3(/52C6 + /33C2 + Pic3,C^i) + fsil^dcl + I3&cIcq) 
+ U4Pect + UiiPscl + /39C2) + (p5l3l0C6 + VePllcl = Mi[52Ci7 
+ C5C10 + C2C13 + C2C5 + /35C5 + /36C2C5C6 + C2C4C5 + PioCqCq 
+ C2Cii(/3io + /3ll)] + 'U2[52Ci6 + Ci4 + C2C12 + C4C10 + C2C4C8 

+ C2C4 + C2c| + /35C4C5 + PeclciCe + PioCqCs + clcio{Pio + /3ii)] 

+ «3[52C14 + C2C^(1 + ^5) + cic8(l + Pw + Al) + 0^06(1 + (Se) 

+ 4{p2 + M + 4(1 + As + Ao + M + 4ci{i + Pi)] 

+ «4[c^C4(l + /3io + + c^(l + /Js) + c^(l + /^e + /^g) 

+ C2C6(1 +/3lo)] +M5- 

We conclude from this that 

/38 = 1, /3io = 1, /3ii = 0, /35 = 1, /36 = 1, /39 = 0, /32 = 0; 

52C16 = Ci4 + C2C12 + C4C10 + C2C4C8 + C2C4 + C4C5 + C2C4C6 + C6C8 + C2C10 + C2c\; 

S2Cn = C2C13 + C5C10 + C2C6 + Cg + C2C5C6 + cecg + clcn + C2c|c5; 

52C14 = 4 + Psct + (1 + ^4)c^ci 

So, (fg has the following form: 

ipQ = UlCir + M2C16 + U3C14 + 'PsiPscl + /34C2C4) + M4(cio + C5 + cjca) 

+ + <^6C6 + «5C2- 

To determine the coefficient j54 let us apply the operation ^2,2: 

S2,2V>9 = ^7 = U\S2,2Cn + U2(52,2Cl6 + Cg + C2C4) + U352,2Cl4 

+ -yfsCC/^S + lii)C2 + Picld + V7- 

We get 52,2Ci7 = (;33+;34)c|c5 + /34clc5, 52,2Ci6 = ci + c2cl + /34c| + (/33 + /34)cic|, 
52,2Ci4 = (/33 + /34)c2 + l34C2ci] and because of di(ci4) = 0, we have /33,/34 = 0. 
The final form of i^g will be the following: 

(P9 = W1C17 + U2C16 + U3C14 + M4(cio + C5 + C2C6) + (pbc\ + LPqCq + M5C2. 



18 



CHAPTER 2. MODIFIED ALGEBRAIC SPECTRAL SEQUENCE 



Let us calculate the result of the action of the operation on the elements cn, 

ClQ, C14. 

6. The projection ipio of the element $10 has the form: 

tpio = M1C19 + U2C18 + u^cie + U5C4 + U3(/32Cg + ^3C4 + /?4C2 + Pr,ceCio 

+ A2C2C5 + /313C4C6 + A4C2C6) + M4(A5Ci2 + Pi&cl + (3nc\c\) 

+ ¥'5(/3l8ClO + i^igCs + ^20C2C6) + ipe{l32ic\ + I322C2) + /323<^7C6 

+ /324W5ci + /3lU4c|. 

Applying the operation 58,8; we get S'8,8'/?io = ^3(1 + ^2), hence, P2 = 0. 

Let us apply the operation 54,4,4,4, we get 54,4,4,4(^10 = U3 = M3(1+/33+/3i5). 
Hence, (33 = (3i5. 

Let us apply the operation 5i4, then: 

Su^W = (P3= Ml5i4Ci9 + M2(5i4Ci8 + C4 + (3240^) + U3C2 + (310^3- 

It follows from this that /3io = 0, 5i4Ci9 = C5, 5i4Ci8 = (32ac\. 
Let us apply the operation 5i2, then wo get: 

5l2</3l0 = U4 = Ml5i2Cig + M2(5i2Ci8 + /?23C6) + U3cl{(3fi + /324) + /3l5W4- 

Hence we have /3i5 = 1, /^g = 1, /38 = /324, 5i2Ci9 = 0, 5i2Ci8 = /323C6- 
Let us apply the operation 56,6, this gives: 

56,6<PlO = = Mi56,6Cl9 + «2(56,6Cl8 + Cq{(3i^ + 02:i)) 

+ U3CI{(37 +(32o) + U4{(3i6 +(323)- 

Hence, (3ie = (323, (3? = (32o, Sq^cis = (/3i5 + /323)c6, 56,6Ci9 = 0. 
Applying the operation 54,4,4, we have: 

54,4,4^10 = = Ul54,4,4Ci9 + 'U2(54,4,4Cl8 + {Pl3 + (323)^6) 

+ U3ci(^8 + (3l7) + U4{(3i5 + (32l). 

Hence f3g, = (3n, ^15 = ^21, 54,4, 4C19 = 0, 54,4,4Cl8 = {P13 + P23)C6- 

Let us apply the operation 5io, we have: 

SlQipw = <^5 = Wi5ioCi9 + «2(5loCi8 + p2icl + P22c\) 

+ U3{C2C4 + C6(l + 05 + 023)) + V3(C4 + cl{(3n + (324)) + /3l8</?5- 

Hence, (3n = 024, 0i8 = 1, /^s + 023 = 1, 5ioCi9 = C4C5, 5ioCi8 = (1 + 02i)c4 + 

0224- 

Applying the operation 55,5 we have: 

55,5<^10 = ¥>5 = ■«l55,5Cig + U2(55,5Ci8 + 02icl + 022^) 

+ U3{C2C4 + C6(l + 05 + 0^)) + <^3(C4 + C^(/3ll + 012 + 024)) + ¥'5(1 + ^19). 

We get from this: 0ig = 0, 0i2 = 05 + 09 = 1, 55,5019 = C4C5, 55,5013 = 

{l+02l)cl+0224. 
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Let us apply the operation Ss, then: 
Sgifio = f6 = uiSgCia + U2{SsCis + /JigCio + P2oc\cq) 

+ ■U3(C8 + C4(l + ^21) + P22C\) + /323</'3C6 + Ui{Ci + P2ic\). 

We get: S'gcig = cn + /323C5C6, S^sCis = (1 + /5i8)cio + /32ocic6, /323 = 0, /324 = 0, 

^21 = 1, /322 = 1, /35 = 1, /38 = 0, /3l7 = 0, /39 = 0, /3i6 = 0. 

Applying the operation 54,4, we see: 

S4,,i^W = = ^154,4019 + 'U2(5'4,4Cl8 + Cio + P2QC%Cq) 

+ UsP&c\ + V3/3l3C6 + 'W3C2- 

We conclude that /3i3 = 0, /^e = 1, S'4_4Ci9 = 0, £'4,4018 = cio + /32oc|c6. 
Using the operation 52,2,2,2 gives the following: 

S2,2,2,2'^10 = <P6 = MlS'2,2,2,2Cl9 + ^2 ('S'2,2,2,2Cl8 + fi20c\cQ) 

+ W3c|(/37 + Pii + /32o) + Viifili + ^20) + PlUicl + 

We conclude from this that j3u = ^20 = 0, /37 = 0, /3i = 0, 5'2,2,2,2Ci8 = 0. 
For the definition of /34 let us use the operation ^2, 2, 2, 2, 2, 2, 2, 2: 

S'2,2,2,2,2,2,2,2'Pl0 = M3 = "3(1 + Pa)- 

We get that /34 = 0. 

The final form of t/Jio is the following: 

<^10 = UiCiQ + ^2018 + W3C16 + U3(C8 + c\ + CqCiq + C2C4) 

+ ^4012 + <P5ClO + V^6(C2 + C4) + U5C4. 

Using the obtained decomposition let us calculate the results of the action of 
the operations on C19 and Ci8. 

7. Let us precise the form of the projection t^n of the element $11: 

Vll = W1C21 + U2C4C16 + U3C2C16 + W5C2C4 + U2C20 + M3(ci8 + Picl 

+ I32c4cu + fizC(iCi2 + PiC^cw + kc\cl + f^eclclce + Pjc^ce 
+ Pscl + /39C4C10 + /310C4C5) + (psi/Siicl + Pi2cl + A3C2C12 + A4C2 

+ /3l5C6Cl0 + Pieclcl + PitCqcI + Piscicl) + U4(/3l9Cl4 + /520C2C10 
+ P2\clcl + 022clce + p2Sclce) + </J5(/324Cl2 + P2hcl + 026clcl 
+ P27CI) + <^6(/328ClO + /329C5 + /330C2C6) + ^P7{Ps\c\ + Ps2ct) 

+ W5/333C6 + V9^34ci. 

Applying the operation ^9,9 we get S^^gipw = = Uz{l3\ + 1), hence: ^1 = 1. 
Applying the operation 5i6, we arrive to the equality: 

SlQifW = ^3 = U1S16C21 + U2C4 + U3C2 + U2('S'l6C20 + /334C2), 

which gives 5i6C2i = C5, 516020 = Psicl- 
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Using the operation Ss,8, we obtain: 

Ss,sVn = V3= uiSs,sC2i + W2C4 + W3C2 + W2('S'8,8C20 + /S34C2) + Pnipa, 

so /3ii = 0, 58,8C21 = C5, S'8,8C20 = PsiC^. 

Using the operation 54,4,4,4, we have: 

S4,4,4,4V?ii = = UlS'4,4,4,4C21 + M2 54,4,4,4020 + <<53(/5l2 + ^24 + /?3l) + 

+ W2(/3l3 + /526 + ^34)C2, 

Hence, P12 + /324 + ,831 = 0, 54,4,4,4C20 = {Pis + P26 + l334)cl, 54,4,4,4C21 = 0. 

Using the operation 52,2,2,2,2,2,2,2, we get 

52,2,2,2,2,2,2,2</5ll — ^3 — 52,2,2,2,2,2,2,2C21 + U2C2(/?3 + ^4 + 1^6 + /38 + 
+ Pl3 + I3l5 + Pl6 + /3l8 + 1324 + P26 + P28 + P34) + + /3i6 + 

+ P23 + P25 + P27 + ^34) + «252,2,2,2,2,2,2,2C20- 

This means that 

'-'2,2,2,2,2,2,2,2C20 = 

+ ^16 + ^18 + /324 + /326 + /328 + 1^34), 

Pl4 + P16 + P23 + 1325 + P27 + p34 = 1, 
5'2,2,2,2,2,2,2,2C21 = 0. 

Applying the operation 5i4, we get: 

5l4</'ll =U4 = Wl5i4C21 + W2(5l4C20 + /333C6) + 'W3C2(1 + ^2 + P34) + UiPlQ, 

Hence, /3i9 = 1, 5i4C2i = 0, 5i4C2o = /333C6, /32 + P34 = 1- 
Let us apply the operation 5i2, we get: 

Sl2'Pll =(P5 = U1S12C21 + U2(5l2C20 + ^4(1 + ^31) + feCa) + ^5024 + 

+ U^ids + 033)C6 + M013 + P34)cl. 

So, p24 = 1,133 = 1333, Pl3 = P34, 5i2C20 = 4(1 + /Sgi) + ^32^. 

Let us act by the operation 56,6, we get a relation: 

56,6'Pll = f5 = Ul56,6C21 + U2C2C4 + M3C2 + U2(56,6C20 + cl{(3ig + j322 + 
+ /33l) + C^(^23 + ^32)) + M3C6(1 + /33 + ^8 + P24) + ^5{P25 + Pss)^ 

+ ip3cl{PlQ+ P30 + P34)- 

Hence: 8^^021 = c^cl, Piq + /Sao +,^34 = 1, /33 + /38 + /324 = 1, 56,6C20 = 

cl(A9 + 1322 + P3l) + 4{p23 + 1332), P25 + P33 = 1- 

Let us apply the operation 54,4,4, we get: 

54,4,4</5ll = = Wl54,4,4C21 + U2(54,4,4C20 + 04(1 + P31) + c\{[324 + (332)) + 
+ U3C6{P3 + P22) + ^3cl{Pl3 + P26 + P34) + MP^i + P3l)- 
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Hence, S4AAC21 = 0, ^24 + /331 = 1,133+ P22 = 0, /^si = 0, /3i2 = 1, /3i3 + + 

/334 = 0, 54,4,4C20 = cl(l + ^31) + c|(/324 + /332). 

Applying the operation 5io, we arrive to the following: 

'S'lO'^ll = <yf 6 = Ml5'ioC21 + W2C2C4 + U2C4C6 + U3C2C4 + U3C2C6 + VzC2Ci + 
+ U2{SwC20 + ^28ClO + ^29C5 + ^30C2C6) + U3(c2(l + P2 + Pi + Pz2) + 

+ C^(/39 + /33l)) + '/'SCel/^lS + /333) + W4C^(1 + /S20 + Pzi) + <P6/328. 

It follows from this: /328 = 1, /Sg = 0, [32 + I3i + P32 = 1, P15 + P33 = 1, 

P20 + /334 = 1, 'S'l0C21 = C5C6 + C2C4C6, 510020 = Cio + /329C5 + PsoC^Cq- 

Let us act by the operation ^5^5, we get: 

85,5^11 = = Ul55,5C21 + U2C2CI + U2C4C6 + U^clci + U3C2C6 + ip3C2C4 + 
+ U2{S5,5C20 + /328C10 + /329C5 + jSsoclce) + U3(c|(/32 +04 + 05 + 1) + 
+ clipQ + /3io) + <^3C6(/3l5 + Pl7 + P33) + W4C2(^20 + p21 + 1)) + 

+ (^6(l + /329). 

We get from this ,529 = I, p2 + p4 + iSs = 1, p9 = Pio = 0, ^15 + /3i7 + p33 = 1, 
hence, j3n = 0, /32o + (32i = 1, 'S'5,5C2i = C2C4C5 + +C5C6, ^5,5020 = cio + Cg + 
/33ocic6. 

Let us apply the operation S%, we get the following: 

S&^ll = = UiSiC21 + U2C4C8 + W3C2C8 + W2C4 + M3C2C4 + «4C2C4 + 
+ M2(5'8C20 + C12 + /325C6 + P2ficlc\ + ^270%) + Ui{cw + cl + 

+ /^SOcice) + </93c|/332 + W4C6/333 + V5ci/334- 



Hence, ^34 = 0, = 1, 033 = 1, ,^30 = 1, 58021 = C13 + csc^, 58C2o = 
/325c| + f32&c^c\ + /327C2, using the previous relations we get from this: /?5,/?3, 
/S22, /32, /54, 1^20, 13& are ah equal to 1, and /3i3, ^15, ^le, ,025, /S21, /326 ah are equal 
to 0. 

Let us apply the operation S%, then we have: 



56(^11 = ^5 = WiS'6C21 + U2Ci{CiCQ + C2C&) + U2,C2{CiCQ + 020^) + <^5C2C4+ 
+ U2(56C20 + Ci4 + C2C10 + C4C6 + /323C2C6) + ^3(0204(1 + 0(i) + 

+ 4{pr + P27)) + W4C|(1 + P23) + <P6cl 
We get that = 1, 137 + ^27 = 1, = 1, 56021 = 05(010 + c§ + c|c6) + C2C4C9 + 

C2C11, 56C20 = Ci4 + cjcQ. 

Let us calculate the action of the operation ^4: 

Si^Pll = ifQ = U1S4C21 + U2CI6 + W2C4(C12 + C2C10 + C4C8 + 0402) + 

+ U5C2 + ?i3C2(ci2 + C2C10 + C4C8 + C4C2) + <j£'6C2C4 + ifeCQ + ■«3(ci4 + 
+ C2C10 + C4C6) + U2(54C20 + C4 + ^14C2 + ^18^04) + (p3{ci2 + C%P27) + 

+ Ui{cio + Cg + c^ca). 
It follows from this that /?27 = i), (3^ = 1, (3u = 0, 54C20 = (1 + I3is)c'ic2 + c\, 

54C21 = Ci7 + C2C4C11 + C9C4 + C5C12. 
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To determine the coefficient /3i8, let us use the operation 54,4: 

S4:,4fll =V7 = UiSi^iC2l + «2(S'4,4C20 + Cl2 + C2C10 + C4C8 + C4C2 + 04) + 

+ Ui{C2c\ + Cio + Cg + CjCe) + (/'scIAs + W4C6 + <^6C2- 

Hence, /3i8 = 0, S'4,4C2i = C13 + 05(0^ + c|) + C2C11, 54,4020 = C12. 
The final form of the projection t^n, will be the following: 

ipil = M1C21 + U2C4C16 + M3C2C16 + M5C2C4 + U2C2O + U3(C18 + Cg + C2(cio + 
+ C5 + C2C6) + C2(C14 + C|C6) + C6(C12 + Cg)) + V3C4 + U4(ci4 + C2C10 + 

+ C4C6 + C^Ce) + ip5Cl2 + V6(C10 + C5 + C2C6) + <^7C2 + U^Ce- 

Using the obtained decomposition let us calculate the result of the action of the 

operations S,^ on the elements C2i,C2o- 

8. Let us precise the form of projection in MASS (fi2 of the element $12: 

ipi2 = U1C23 + ^2022 + U4C16 + U5C8 + 'U3(C20 + PicIq + + /?3C5Cio + 

+ /34C2C8 + P'^C^cl + /36C2° + /37C2C6C10 + P&clcl + /39C2C12 + /310C2C5C6 + 
+ PllcS^cl + S12C6CU + Piscjcl + /314C4C12) + <y53(^i5Ci8 + /3l6C9 + 

+ Pnclcu + /3i8C6Ci2 + /319C2C10 + /320C2C5 + /321C4C2C6+ 

+ ^22C2C6 + I323cl + fi2ic\cw + I32bc\cl) + ^4(^262^ + ^27C4 + 
+ /528C2 + ^29C6Cl0 + /?30C2C6 + /33lC2Cl2 + Iiz2cic\ + /333C5C6) + 

+ </'5(/?34Cl4 + ^35C2Cl0 + ^36C2C5 + /337C4C6 + l3zs.C2C&) + 
+ </'6(/339Cl2 + PiOcl + ^4lC2 + pA2clc\) + (/?7(,S43ClO + /344C5 + 

+ Pi5C%CQ) + u^{l3iQc\ + /347C4) + V9/548C6 + ^lopAgcl- 
It follows from the action of the operation 5io,io that 

5l0.10'^12 = = U3(/3l + /343), /3l = Pi3- (2.5) 

We get from the action of the operation 55,5,5,5: 

55,5,5,5<^12 = U3 = «3(/3l + p2 + Pi), Pi + Pi + Pi = 1- (2.6) 

Applying the operation ^is, we get the relation: 

SlS,ipi2 = V3 = 'Wl<S'i8C23 + W25'i8C22 + Plh^S + U^C^Pig, 
SO, 5i8C23 = 0, 5i8C22 = PaqC^, P15 = 1. 

Let US act by the operation Sg^g, we get the equality: 

89,9^12 =^3 = Wl<S'9,9C23 + 'M2<S'9,9C22 + U2PigC% + (^3(1 + Pl^)- 

So, 59,9023 = 0, 59,9C22 = /349ci, Pl& = 0. 

Using the operation S\%, we get: 

S\(,^12 = W4 = Ml5i6C23 + W2(5l6C22 + Pi&Co) + U4 + UsPigC^. 

So, 5i6C23 = 0, 5i6C22 = PasCq, Pig = 0. 
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Prom the action of the operation Ss,8, we conclude that: 

'S'8,8<Pl2 = = 'Ul58,8C23 + W2(<S'8,8C22 + PiSCe) + Uzl3ic\ + 
So, 58,8023 = 0, ^8,8022 = Pi&CQ, ^4 = 0, ^26 = 0. 

Using the operation 54,4,4,4, we arrive to the equaUty: 

54,4,4,41^12 = = ■Ul54,4,4,4C23 + W2(54,4,4,4C22 + (/337 + /348)c6) + 

+ W3C2(/35 + U4{p27 + Ps^)- 

It follows from this that: 

54,4,4,4C23 = , 54,4,4,4C22 = (^37 + I3iii)c&, ^5 = Psi, ^27 = Psd- (2.7) 

Applying the operation 5i4, we conclude that: 

5l4Vl2 = V5= Wl5i4C23 + U2C8 + 'M3C6(1 + Pl2 + Pis) + UiC2 + ^Psl3nC% + 

+ U2(5l4C22 + /346C2 + Pnc\) + ip^Psi- 

Hence, 

5i4C23 = C5, 5i4C22 = fii(ic\ + finc^^ Pi7 = 0, /334 = 0, /3i2 = Pas- (2.8) 
From the action of the operation 5i2, it follows that: 

5l2Vl2 = V>6= Wl5i2C23 + W3C8 + «4C4 + W2(5l2C22 + ,^43010 + /344C5 + 
+ Pi^clcd) + Us{cl{l + /3i4 + /347) + 4(1 + A + Pi&)) + </?3C6(/3l8 + 

+ /348) + W4/331C2 + <P6/539. 

We get from this 

5l2C23 = Cii, 5i2C22 = [PiZ + l)cio + PiA(^ + Pi5(^CQ, 

Psi = 0, ^39 = 0, /3l4 + ^47 = 1, /39 = /346, = PiS- (2.9) 

Prom the formulas (2.7), (2.9) it follows that p^ = 0,^27 = 0. 
Let us apply the operation 56,6, then we have: 

56,6¥'12 = = Ul56,6C23 + U2{C2C8 + CiCe) + ip5C2 + (fsCei^ + Pl8 + 023 + 
+ M + U3{cl{/3i2 + /3l3 + 037) + 4(08 + 038)) + «4C^(1 + p30 + Pi5) + 
+ M0iO + M + W2(56,6C22 + (1 + 029 + 043)cw + (1 + ^33 + 044)4 + 

+ {1 + 031 +045)4C6). 

Hence, 

56,6C23 = C2C9 + C5C6, 56,6C22 = (1 + 029 + 04:3)ciO + (1 + 033 + 044)4 + 
+ (1 + ^31 + 045)clc6, 040 = 048, 018 = 048 + 023, 030 = 045, 

/3l2+/3l3=/337, /38=^38. (2.10) 

Using theses relations and the formula (2.9) we have 023 — 0. 
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Let us apply the operation 54,4,4, then we have: 

'S'4,4,4<Pl2 = = UlS'4,4,4C23 + Uaicl^u + 4(^9 + ^32)) + UiclPi2 + 
+ </?3C6(,5i8 + ,037 + + </36(l + /347) + ^2 (54,4,4022 + 

+ (1 + ^24 + /343)C10 + (^25 + ^44)c^ + (^21 + Pi5)clcQ). 

Hence, 

54,4,4C23 = 0, 54,4,4C22 = (1 + (^24 + /343)ciO + {^25 + Pii)cl + {^21 + PibjclcQ, 
P47 = 1, Pl4 = 0, ^42 = 0, ^9 = 032, /3l8 = 048 + 037- (2.11) 

Prom these relations and from (2.9) it follows that = 0. 
Let us apply the operation ^3,3, 3,3, then it will be: 

53,3,3,3</?12 = Ve = Wl53,3,3,3C23 + W2C10 + U3C8 + U4C2 + W2(C2C8 + 
+ CiCe) + UiC% + <P3C6(1 + As) + V^C2 + W2(53,3,3,3C22 + 

+ cl + cIcq{1 + + W3(/32 + 046)4. 

Hence, 

53,3,3,3C23 = Cll + C2C9 + C5C6, ^3,3,3,3022 = C5 + C2C6(1 + ^3), 

/348 = 0, 02 = 046 + 1. (2.12) 

From here and from (2.9) it follows that 0is = 0, from (2.10) it follows that 
040 = 0, from (2.8) it follows that /3i2 = 0, from (2.10) if follows that 0i3 = 0. 
Applying the operation 5io, wo got: 

Sw(pi2 =(P7 = Ui5ioC23 + (paCs + U4C2C4 + (fisict + c\) + ?i3(cio + C5 + 
+ CjCe) + W4C6 + U2(5ioC22 + 04icl) + U3(cio/343 + C^{03 + 04i) + 
+ clc6{07 + 045)) + 'P3{cl024 + cj{0iQ + 046)) + U4Ce029 + 

+ V>5cl035 + V7043- 

Hence, 

5loC23 = Ci3 + C5C8, 5ioC22 = C12 + 04icl, 043 = 0, 024 = 0, 

029 = 0, 035 ^0, 03^ 044, 07 = 045, 019 = 046- (2.13) 

From these relations and from the formula (2.5), we have: 0i =0. If we apply 
the operation ^5,5, we get: 

55,5¥'12 ^ ^7 = Ml55,5C23 + U4C2C4 + ip3Ca + ^3(010 + C5 + CjCe) + U4C6 + 
+ Vsicl + cl) + U2(55,5C22 + 0410%) + U3{cio03 + C5/33 + 
+ 4ce{07 + 0w)) + Mcl025 + 4(019 + 020 + 046)) + 

+ U4Ce033 + ^^4,036 + ^7044- 

So, 

55,5C23 = Ci3 + C5C8, 55,5C22 = C12 + 4041, 03 = 0, 025 = 0, 033 = 0, 

036 = 0, 044 = 0, 07 = 010, 019 = 020 + 046- (2.14) 
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From these relations and from (2.13) it follows that (320 = 0, from (2.6) it 
follows that /32 = 1, from (2.12) it follows that (34e = 0, from (2.13) it follows 
that ^19 = 0, from (2.9) it follows that /Sg = 0, from (2.11) it follows that 
/332 = 0. 

Let us apply the operation S^, this leads to the relation: 

Ss,ipi2 = U5 = uiSsC23 +U5 + U2{SsC22 + Psacjce) + uzPaicI + ipsclcePis. 

This gives us: 58C23 ~ 0, 6*8022 = Pz^c^cq, /34i = 0, /345 = 0. From here and 
from (2.13) it follows that Z?? = 0, from (2.10) it follows that /Jso = 0, from 
(2.14) it follows that /3io = 0. 

If we use the operation ^4^4, we get: 

Si^HPl2 = = UlS'4,4C23 + Ui{C2Cw + C4C8 + C4c|) + UiCi + V3C10 + 

+ V6C4 + U2{Si,iC22 + /338C|C6) + M3c|/3ll + V3cic6/321- 

Hence, 54,4023 = C4C11 + C5C10, 64,4022 = ,S38c|c6, /3ii = 0, /32i = 0. 
Using the operation S^, we get: 

SqIP12 = V9 = '"l5'6C23 + U2C16 + U3C14 + ^4(010 + C5 + C2C6) + <^5C4+ 
+ U5C2 + ^4(0406 + C2C8) + (^5C8 + 'U3C|C6(1 + + <P3ci/322 + 

+ V5c|/338 + 'W2(5'6C22 + p28cl). 

Hence, 5*6023 = C17 + 09O8 + oeon, 55022 = o| + oeoio + /32802, ^22 = 0, /338 = 0. 
Prom here and from (2.10) it follows that (ig, = 0. 

Finally we use the operation 54. 

54(^12 = VlO = Ml54023 + ?i30l6 + W4(0l2 + O2O10 + O4O8 + O4O2) + (p6cl + 

+ ifeCs + U^Ci + W254C22 + M3(0204 + O4) + U2C18 + U3cl/328- 

Hence, ^28 = 1, 54C23 = cig + C8Cii + cfcn + cgcio, 54C22 = cfcio- 

Finally for the determination of the coefficient /3q, we apply the operation 

52,2,2,2,2,2,2,2,2,2: 

52,2,2,2,2,2,2,2,2,2^12 = = Us^Q. 

So, /^e = 0, and the projection of the element $12 has the form: 

ipi2 = W1C23 + "4016 + U5C8 + U2C22 + ■M3(C20 + C5) + V3CI8 + W4c| + Uscl- 

Using this decomposition let us calculate the action of the operation on the 
elements 023, 022- 
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9. Let us precise the form of the projection in MASS of the element $13: 

Vl3 = W1C25 + M2C8C16 + U4C2C16 + U5C2C16 + U2C24 + U3(C22 + Picli + 
+ 02clci8 + Psclcl + PiC^Cu + /35C2C6C12 + ^6c|cio + /37C2C5 + 
+ Ps,c\(?iCQ + /39C2C6 + /3loC2c| + Pliclclcio + Pl2clclcl + Pl3C6cl + 
+ /314C6C4 + AsCeClO + AeCgCg + /SiyclcM + /3i8CioCi2 + /3l9C5Ci2) + 

+ <^'3(/320C20 + /32lC?o + /?22f;^c2 + ;323C2C^ + /3244° + ,325c2c6Cio + 

+ P2ecicl + I327cjci2 + I328clclce + P29C2CI + Paocecu + fizic\cl+ 
+ /332C4C12 + /333C5C10 + /334C5) + U4(;035Ci8 + fizacl + /337C2C14+ 

+ /?38C6Cl2 + ^39C2Cl0 + /340C2C5 + I3iiclc\c(i + fii2c\c(i + /343C^ + 
+ ^44C4Cio + /345C4C5) + ^PhiPiecl + Pi-jcl + ^48C^ + ^49C6Cio + 
+ /350C2C6 + /351C2C12 + ^52C5C6 + /353C2C4) + </36(/354Cl4 + /355C2C10 + 

+ /?56cic5 + /357clc6 + ^ss^ce) + <p7(/359Ci2 + ^eoCe + ^6icicl+ 

+ ^62C2) + U5(/363ClO + /364C5 + Pq^cIcq) + <^9(^66c| + /3674) + 

+ </?io^68C6 + (piiPescl- 

Prom the action of the operation ^n,!!: 

S'll,ll¥'l3 = = UsiPl + 1) 

we conclude: 

/3i = l. 

Prom the action of the operation 520, we have: 

5'20'/'l3 = 1^3 = WlS'20C25 + M2S'20C24 + ^3^20 + U2/369C2, 

Hence, /320 = 1, 520025 = 0, ^20024 = Peac^. 
Applying the operation 5io,io, we get: 

^lO.lOiy^lS = ^3 = Wl5io,loC25 + M25io,loC24 + (/321 + 06a)'fi3 + 

+ U2cl{(354 + P55 + 

Hence, 

'S'lO,10C25 = 0, 5i0,10C24 = cl{P54 + ^55 + Pqq), 021 + ^63 = 1- (2-15) 

If we apply the operation 5i8, we get: 

5'i8</?i3 = U4 = U1S18C25 + W2(5i8C24 + /^esCe) + U3cl{P2 + /Seg) + ^4/335- 
Hence, 

^35 = 1, 5i8C25 = 0, 5i8C24 = ,^6806, p2 = Pm- (2-16) 

Prom the action Sg^g, we conclude: 

5g,9<pi3 = = Ui59,gC25 + W2(59,9C24 + l^&sCe) + U3ci(^2 + 1^3) + 

+ U4(^36 + 1), 
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hence, 

<S'9,9C25 = 0, 59,9C24 = PesCg, /336 = 1, ^2 = Ps- (2-17) 

Using the operation 56,6,6) we get the equahty: 

'56,6,6^13 = ^4 = Wi56,6,6C25 + ^2 (5*6,6, 6C24 + (1 + A'iS + /359 + ,543)^6) + 

+ U3CI{1 + /3io + /3l3 + P46 + P50 + Pm) + M4(/343 + M- 

So, 

'S'6,6,6C25 = 0, S'6,6,6C24 = (1 + Pi& + /^SS + Pid.)C6, 

/343 + /360 = 1, /3io + /3i3 + ^46 + /^so + = 1. (2.18) 
If we apply the operation Siq, then we get: 

'S'l6<<2l3 = (fib = Ml5i6C25 + M2(5'l6C24 + Peecl + Perct)) + U2C8 + W4C2 + 

+ W3^68C6 + ¥'3ci^69, 

So, it will be: S16C25 = cg, SieC24 = /^eecl + /367C2, Pes = 1, Peg = 0. From these 
relations and from (2.16) and (2.17) we get that ^2,^3 = 0. 
Let us act by the operation 58,8, we get: 

'S'8,8¥'13 = V5 = UiSs,sC25 + U2{Ss,sC24 + (1 + /366)C4 + Perct) + 'U3/3l3C6 + 

+ <^3/322ci + ip5Pi6- 

Hence, 58,8025 = 0, 58,8C24 = (1 + + Perct, /3i3 = 0, ^22 = 0, 046 = 1. 

Let us apply the operation 5i4, then it will be: 

5l4Vl3 = V6 = Wl5i4C25 + U2(5l4C24 + PesClO + 0640^ + Pe5clc6) + 

+ U3{cl{l + /3i7 + Pee) + 4{p4 + Per)) + ^3p3oC6+ 

+ U4C^{Ps7 + 1) + </96/554. 

Prom these relations we obtain: 

5l4C25 = 0, 5i4C24 = PesClO + P&4C\ + P&hC%CQ, 

P30 = 0, p37 = 1, P54 = 1, Pi7 + Pee = 1, P4 = Pe7- (2.19) 
Applying the operation S12, we get the equality: 

5i2<Pl3 = ^7 = U1S12C25 + U2C4CS + U3C2C8 + U4C2C4 + (Psicl + C2) + U4C6 + 

+ "2(512024 + P59C12 + Peocl + Peiclcl + Pe2ct) + "3(010(1 + Pis + Pe3)+ 
+ clipw + pe4) + 4ce{p5 + Pes)) + M4{p27 + Pe7) + cl{p32 + Pee))+ 

+ UiCep3s + V>nPbic% + (^7/359. 

This gives the result: 

5i2C25 = ci3, 5i2C24 = (fe + l)ci2 + Peocl + Peiclcj + Pe2cl, 

P59 = 0, P5I = 0, PsS = 0, Pl9 + P64 = 1, P5+ p65 = 1, PlS = PeS, 

P27 = Pe7, P32 = Pee- (2.20) 
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Applying the operation Sq^ we obtain: 

'S'e.eV'lS = V7 = ■«lS'6,6C25 + U2clcs + U3cIcq + Uicl + ip5cl{Pm + 065) + 
+ ip7 + U2{Se,6C24 + clcl{l + 041 + /Jei) + 4{042 + 1^62) + C6(^43 + 

+ /36o)) + «3(cio(l + /3i5 + ^49) + c^(/3i6 + /352) + (^c^ik + /3io))+ 

+ (^3(04(1 + /331 + /357 + /366) + C2(/326 + ^58 + /?67)) + 

+ M4C6(1 + ,943) + ¥'7/360- 

We have: 

<S'6,6C25 = C9C2, 56,6C24 = clc\{l + + ^ei) + c|(/342 + /362) + 

+ Cl{p43 + ^60), ^60 = 0, ^43 = 1, Pl5 + Pi9 = 1, = p52, 

P5 = /3lO, Psi + P57 + /366 = 1, /326 + ^58 + ^67 = 0. (2.21) 

Let us calculate the result of the action of the operation 5io on (pis, we have: 

SlO^PlS =U5 = U1S10C25 + U2Cs{C2C4, + Cq) + U4C2(C2C4 + Cq) + ¥'3C2C8 + 

+ ip5Ce + ipec^ + U3cll3i5 + U2(5'ioC24 + ci4 + C2C10/355 + clc^l35e+ 

+ C4C6/357 + C2C6/358) + U3(C12(1 + Pis) + ctiPi + P6 + P62) + 
+ cicKAl + /3l7 + M) + Mcioil + /363) + 4(1 + 1333 + 06i) + 
+ clce{l + /325 + Pes)) + M4(4(/339 + 067) + cl{P44 + 866)) + 

+ V5C6/S49 + iy?6ci^55 + U5l3e3. 

It follows from these relations that 
'S'ioC24 = ci4 + C2C10 + clclPse + clcePsr + c^cqP^s, 

S10C25 = C2C11 + C2C5C8 + CeCg, 04 + 06+ 1^62 = 'i-, Pll + 017 + 061 = 0, 

044 = 0m, 063 = 1, 015 = 1, 018 = 1, 05o = 0, B49 = 0, 039 = 067, 

/333 +/364 - 1, 025 + 06o = l. (2.22) 

From those relations and from (2.15) it follows that 02i = 0. Let us use now 
the operation 6*5,5, we have: 

S5,5Vl3 = = WlS'5,5C25 + U2Cs{c2C4 + Cg) + U4C2{c2C4 + Cf,) + ^3C2CS,+ 
+ (^5C6 + (/?6C2 + U3CI + U2(S'5,5C24 + C14 + CaCg^se + clc6057 + 

+ C2C6/358) + U3{cl{04 + 06 + 07) + clcl{0n + 012 + 017) + 
+ cl0ie + Ci20w) + </33(ci(l + 033 + 064) + cIcq{1 + 025 + 028 + 
+ 065)) + U4{4{039 + 04O) + 4(044 + 045)) + 'P5C6052 + 

+ (Pe4056 + U5{'i- + 064)- 

This means that: 

'S'5,5C24 = Ci4 + C2C10 + C4C6^57 + C2Ce05s, <S'5,5C25 = C2C5C8 + CjCn + CgCg, 
134 +06 + 07 = 1, 011 + 012 + 017 = 0, 025 + 028 + 065 = 1, 016 = 0, 
019 = 0, 052 = 0, 064 = 1, ^33 = 0, 056 = 0, ^39 = 040, 044 = 045- (2.23) 
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From these relations and from (2.22) it follows that ^28 = 0. Let us act on (^13 
by the operation Ss- 

Ssipia = ip9 = uiSsC25 + U2C16 + U3C14 + ■«4(cio + C5 + clcePea) + <P6C6+ 
+ U5C2 + cl{u2Cs + usce/S^r + U4C2) + usclce/S^s + U2{Ss,C2a + I3a7c\ + I3as,cI+ 

+ PiOclcl + /353C2C4) + ¥'3(C2/362 + C2C4/361) + <P5(C4/366 + Ca/Je?)- 

This means that 

'S'8C25 = Cl7 + Cgcl, ^8024 = Pi7c\ + l3isC% + koclcl + I3z3ctc\. 

/365 = 1, ^57 = 1, /358 = 0, /361 = 0, pQ2 = 0, Pee = 0, /367 = 0, 

From these relations and from (2.19) it follows that /3ir = 1, (34 = 0; from (2.20) 
it follows that /S^ = 0, /?27 = 0, /332 = 0; from (2.21) it follows that /5io = 0, 
/331 = 0, /326 = 0; from (2.22) it follows that = 1, fin ^ 1, = 0, ^39 = 0, 
^44 = 0; from (2.23) it follows (iy = 0, /3i2 = 0, ;340 = 0, ;345 = 0; from (2.18) it 
follows that 0r^() = 0. 

Applying the operation Sq, we obtain the equality: 

SeVis = ifio = U1S6C25 + U2C8{cio + C5 + C2C6 + C4C6 + C2C8) + ^402(010+ 
+ C5 + clce + C4C6 + C2C8) + (P5C2C8 + <^5(cio + C5 + C2C6) + ip7Ce+ 
+ ipsicl + C2)ce + U4cl + U2{SeC24, + Cis + Cg + CjCu + I34iclclc6+ 
+ P42clce + 4) + us{4{l + I3g + 84s) + 4cl{l3s + 853) + 

+ 4{l + ^14 + ^47)) + M4(C^C^(1 + Pai) + cl/342) + (plO- 

From these relations we obtain: 

'S'6C25 = C9(C2C8 + CiQ + C5 + cIcq) + CqCis, 

S6C2A = C18 + Cg + C2C14 + C6C12 + clclce, 

P9 + PA8 = 1, /38 = 053, PlA + pA7 = 1, 

Pai = 1, Pa2 = 0. (2.24) 

Developing the relation Sa^Pis = yii, we get after cancellation: 

'UlS'4C25 + U2C8(ci2 + C4C8 + C4c|) + (wiCn + ^308 + U3c|)C2C8 + ^2^4024+ 
+ Va^cl + U2{p234ci + p2Acf + ^2944 + P3a4) + 
+ ^3{4 + /347C4 + /348 C2 + /353C2C4) + UaC2{ci2 + Ca4) = '"1C2I + 

+ W3((C10 + 4+ 4^6)4 + C6C12) + U4C|C6 + V5C12 + </?7c|. 

After regrouping we have: 

■«l(5'4C25 + C21+C2C8Cii)+?i2C4C8+U3CgC2 + </?3ci+U2C8Cl2+U3C6Ci2+W4C2Cl2 + 
+ </'5Cl2 + U2Cs4 + U3C2Cs4 + U4C2C4C2 + U3(ci0 +4+ 4c(i)4 + 
+ <P3(C4 + 4/34,8)4 + UACe4 + Vl4 + U2{SaC2A + 82344 + P2a4° + 

+ 02944 + P3a4) + MP474 + 05344) = 0- 
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Hence, 

84,024, = /323C2C4 + P^icl^ + /329C2C4 + /334C5 + C2C12, 

'S'4C25 = C21 + C2C8C11 + C5C8 + C9C12 + Ciic|, 

047 = 0, /353 = 0, p4S = 1. 

Prom these relations and from (2.24), it follows that ^9 = 0, = 0, /3i4 = 1. 
Using the relation 52<^i3 = V12, we get after the cancellation: 

Ul{S2C25 + C23 + C2C5Cs{cl + C2) + C2C5C16 + C2C8C13 + Ci3(cio + C5 + C2C6) + 
+ C9C14 + CeCir + (Ci9 + C9C10 + Cii(c| + c|))C2) + 'U2('S'2C24 + CeCg + c|ci4 + 
+ + C6C4 + CgCio + Ci2(C5 + clce) + C2C18) + ^3(05(1 + 0S4) + P24C^2 + 

+ 02344 + 02944) = 0- 

Hence, 

O 2,2, 4,2 I /2|2\|2 ,2 

52C24 = CeCg + + C6C4 + CgCio + Ci2(C5 + C2C6) + CgCis + C4C14, 

'52025 = C23 + C2Cr,Csi4 + 4) + C2C5C16 + C2C8C13 + Ci3(cio + C5 + C2C6) + 

+ C9C14 + C6C17 + (Ci9 + C9C10 + Cii(c4 + C2))C2, 

/334 = 1, /323 = 0, 024 = 0, ^29 = 0. 

The final form of the projection of <i?i3 is the following: 

Vl3 = W1C25 + 1i2C8Ci6 + M4C2C16 + W5C2C8 + U2C24 + W3(C22 + 4l + 4^10 + 
+ C2C4C10 + C6C4 + CgCio + C4C14 + C10C12) + </33(c20 + C5) + U4(C18 + 
+ C9 + C2C14 + 44cQ + Ce) + ¥'5(c| + 4) + <P6(Cl4 + C4C6) + U5(C10 + 

+ C5 + C2C6) + ipwCQ. 

Using this decomposition let us calculate the result of action of the operations 
on the elements C25 and C24. 

10. The projection of the element $14 has the following form: 

ifiU = M1C27 + U3C8C16 + U4C4C16 + M5C4C8 + ?i2C26 + M3(C24 + 0l42 + 

+ 024'^U + 03CloCii + 044 + 0544 + 0644<^e + /37C4C6C10 + 084+ 
+ 094^12 + 01OC64 + 0nCeCi8 + 0124^20 + 0is44o + 01444^10 + 
+ 01544 + 0ie44 + 01744 + 01844 + /3l9C2C6Cl0 + 02OC%Ci2 + 

+ 02l44 + 022C2cIcq + /323C2C6C14 + 024444 + 02544^12 + 
+ 02ecf') + ip3{027C22 + 02s4l + 0294^^12 + /330Cl0Cl2 + 03l4ci4 + 
+ 03244 + .ft^S^GClO + 034C64 + .-^SSf^ef^s + :^36C2Cl8 + 03744+ 

+ 0384^14 + 0394c6Cl2 + 04o4cw + 04l44 + 04244c'6 + 0434^6 + 

23 22 222\ / 2 2 

+ 044C2CQ + ^45C2C4Cio + /946C2C4C5) + M4(/347C20 + 048Clo + 0490^0x0 + 

+ 05o4 + ^5lC4Ci2 + 05244 + 053C(iCl4 + 05444 + 05544 + 0564° + 
+ 0574c6ClO + 05844 + /359C2C12 + 06044^^6 + 0&l44) + '^5{0G2Cl8 + 
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+ Peacl + Peiclcii + ^65C6Ci2 + Peectcw + Percicl + (36sclclce+ 

+ Pl&CfiCw + Pnclcl + 078c4ci2 + /379C5O6 + ProC^cI) + (/37(/3aiCl4 + 

+ Ps2clcio + Psaclcl + I3s4:clce + Psbctce) + m5(/386Ci2 + /387C6+ 

+ /388C2C4 + Psdct) + (p9{l3goCio + Pgicl + I3g2clce) + 'filo{Pg3cl + 

+ /394C2) + V'lice/Jgs + Vi2clp9e- 

Using the operation 512,12, we get: 

S'l2,12Vl4 = = U3(l + /3l + /386), 

so, 

Pi + p86 = 1. (2.25) 
If we use the operation 522, we get: 

S22'^U = ^3 = UiS22C27 + W2(<S'22C26 + 096cl) + ip3027- 

i.e. 

027 = Ij S22C27 = 0, 522026 = 096C2- 

Using the operation 5ii,ii, we get the equahty: 

5ii,iiv?i4 = iP3 = wi5ii,iiC27 + W2(5ii,iiC26 + Psecl) + (^3(1 + P28), 

or, 

p28 = 0, 5ii,iiC27 = 0, 5ii,iiC26 = P96C2. 

Apphcation of the operation 52o, 52oV'i4 = ^4, gives us: 

U4, = U1S20C27 + U2(520C26 + /^QSCe) + U3cl{Pi2 + l3ge) + UifiiT, 

or 

520C27 = 0, 520C26 = Pq^cq, Pi7 = 1, ^12 = Pm- (2.26) 
Prom the condition 5io,io</'i4 = 0, it follows that 

= Ul5i0,10C27 + W2(5i0,10C26 + C6(^76 + ^95)) + 

+ M3C2(/382 + 013 + P3 + 096 + 1) + MPAS + M- 

Hence, 

5lO,10C27 = 0, 5i0,10C26 = C6{076 + P95), 

048 = 090, 082 + 013 + 03 +096 = 1. (2.27) 

Applying the operation 56,6,6,6 we get: 

56,6,6,6¥'14 = Ms = Ml56,6,6,6C27 + M256,6,6,6C26 + U3{08 + 070 + 095) 

So, 

56,6,6,6C27 = 0, 56,6,6,6C26 = 0, 08 + 070 + 095 — 1- (2.28) 
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From the condition •54,4,4,4,4,4(^14 = 0, we get the equahty: 

Pi + Pi + 05+ P51 + P93 = 0. (2.29) 
Let us act by the operation 55,5,5,5 on the element ipu. Then we have: 

<55,5,5,5<Pl4 = = ^155,5,5,5027 + ^2 (<55,5, 5,5026 + C6(/376 + 079)) + 

+ W3C2(1 + /3l3 + + Pu + P2+P3+ Pm) + UiiPiS, + p49 + p5o)- 

This gives 

'S'5,5,5,5C27 = 0, 55,5,5,5026 = Ce{p76 + P79), Pi8 + p49 = P^O, 

Pl3 + PlA + Pl5 +P2+P3+ P96 = 1- (2.30) 

If we use the operation 5i8we get: 

5l8<^14 = <^5 = Ui5i8C27 + 'W2(5l8C26 + /^QScl + p94ci) + 

+ U3C6(1 + Pll + P95) + V'3cl{p36 + P96) + ¥'5/362- 

Hence 

5l8C27 = 0, 5i8C26 = P93C4 + P94:'^, 

P62 = 1, P36 = P96, Pll + P95 = 1- (2.31) 

Let us apply now the operation ^9,9: 

59,9V3l4 = </35 = Ul59,9C27 + ^2(^9,9026 + P93cl + P9iC2) + 

+ U3Ce{l + Pll + Pio) + ^3cl{p3(i + P96 + P37) + MP63 + !)• 

This gives 

59,9C27 = 0, 59,9C26 = P93C4 + P9iC2, 

Pes = 0, Pll + Pio = 1, P36 + P96 = P37- (2.32) 

It follows from (2.31) and (2.32) that Psr = 0. 
Let us apply the operation 5i6, this gives: 

5i6</?14 = ¥'6 = Wl5i6C27 + ?i25i6C26 + U3C8 + M4C4 + M3C2/394 + 

+ U2{P90ClO + P9ici + P92cIcq) + U3C4/393 + VsC^Pgh + UacIPqq. 

This means that 

5l6C27 = Cll, 5i6C26 = {P9<i + l)ciO + P9icl + P92cIcq, 

pM^l, P93 = 0, 895 = 0, P96 = 0. 

From these relations and from (2.31) it follows that P^g — 0, Pn = 1; from 
(2.32) it follows that Pio = 0; from (2.26) it follows that P12 = 0. 
Let us use the operation 58,8, this gives: 

58,8'Pl4 = = ^158,8027 + M2(58,8C26 + P90C10 + Pgicj + P92cIcq) + 

+ U3{Pi6C2 + p5cl) + (P6P73 + <P3Cep35 + UiclP^i- 
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Hence 

<S'8,8C27 = 0, 58,8026 = /^goClO + p9icl + PmC%CQ, 

/3l6 = 0, /35 = 0, ^73 = 0, ^35 = 0, ^54 = 0. 

Using the operation Su we obtain: 

5i4<^14 = ip-j = Ul5i4C27 + ^2514026 + W2C4C8 + W3C2C8 + W4C2C4 + 

+ M4C6 + U3(cio + Cg + C2C6) + </93(C4 + c\) + M2(/386Cl2 + /387C6 + 

+ P&8clcl + /389C^) + W3(cio(/53 + /^go) + C^(/52 + /39l)+ 

+ C2C6(^23 + /392)) + </?3(/33lcl + /338c|) + U4C6^53 + <P5ci/364 + VtI^SX- 

It follows from the relation 

'S'l4C27 = CIS, 514026 = + l)Cl2 + ^87C6 + Pssclcl + PsgC^; 

= /390, 132 = P91, 023 = /392, p31, ^38, 1^53, ^64, I^Sl = 0; (2.33) 

Let us apply the operation S12, we have: 

Sl2ipii = W5 = UiS'i2C27 + 'W2(5'l2C26 + P&2C%Cio + l3s.3C%c\ + P%ic\cQ + 
+ PsAcd) + U3(C12(1 + ^86) + C^(^9 + P&r) + C^C^ (^25 + /S88) + 
+ cl{p20 + /389)) + <^3(cio(l + P30 + /^Qo) + C^(/329 + Al) + (/?79 + 

+ /392)cic6) + U4{cl051 + c|/359) + </?5C6/365 + <P6cll3r8 + U5086- 

This gives: 

'S'l2C27 = 0, 512026 = /382C2C10 + PssC^cl + P^iC^CQ + (3s.bC^CQ; 

09 = PsT, 025 = 088, 020 = 089 , 029 = 091, 086 — 1, 

078, 065, 051, 059 = 0; 079 - 092 , 030 + 090 = 1- (2.34) 

From these relations and from (2.25) it follows that 0i = 0, from (2.29) it follows 
that 04 = 0. 

Calculating the action of the operation 56,6 on (pi4 we obtain: 

56,6¥'14 = = Ul56,6C27 + ^204(010 + C5 + C2C6) + U3C2(ciO + C5 + C2C6) + 
+ V3(C10 + C5 + clce) + U2C2C4C8 + U3C2C4,C6 + Uic\ci + <^5C2C4+ 
+ U2(56,6C26 + Cl4 + C2C6(1 + ,085) + c\cQ08i + C%Cio{0r,'j + 082) + 
+ 4cl{06O + 083)) + U3{cll3ro + C1209 + 4(018 + 069) + clcl{323 + 
+ 024 + 068)) + <P3(Clo(/333 + 076 + 09o) + 4(032 + 079 + 09l) + 
+ clce(039 + 044 + 092)) + Ui(cl(052 + 084) + 4(0^8 + 085)) + 

+ U5087 + 'P5C607O + ^6cl(092 + 077)- 

Hence, 



56,6C26 = Ci4 + C2C6(1 + 085) + c\cq084 + C2Cio(057 + 0H2) + clcl{0eo + 083)', 
56,6C27 = C5(cio + C5 + cjce) + C2C4C8, ^18 = 069, 023 + 024 = 068, 
033 + 076 = 090, 032 + 079 = 091, 039 + 044 = 092, 

052 = 084, 058 = 085, 092 = 077, 070, 09, 087 = 0. (2.35) 
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Applying the operation we obtain: 

Siofii = = U1S10C27 + U2C6C10P76 + W3C2C4C8 + U3C6C8 + U4,C2cl+ 

+ UiCiCQ + <P3C4C8 + MsCecl + UsCecl + <^5cl^71 + <^6C6/376 + 
+ U2(S'ioC26 + /374C4 + /375C| + PrYclcl + PtqcIcq + ^80c|c|) + 
+ W3(C14(1 + Ps) + cicio(l + ^3 + ^82) + clcl{^2 + Pli + Pss) + clc6{Pr+ 

+ Pn) + C^C6(/3i9 + ,023 + /385)) + ¥'3(ci2/330 + C^/333 + C^(/340 + /389) + 

+ c^c^ (/345 + /388)) + u4(cio(l + /Sgo) + ci(l + ,349 + 

+ clce{(35r + ^92 + 1)) + <f7cl(382 + (/fg/Jgo + (PsCa^ee- 

This means that: 

<S'l0C26 = /374C4 + /375C2 + /377C2C6 + /379C5C6 + Psocicl, 

S10C27 = CiC^Cs + Cgcl + CiiCe; ^2 + /3l4 = 083, 07 = 084, 019 + 023 = 085, 
03, 071, 076, 090 = 1, 030, 033, 082, 066 = 0, 040 = 089, 045 = 088, 

049 + 091 = 1, 057 + 092 = 1- (2.36) 

It follows from (2.36) and (2.27) that 048 = ^,013 = 0, from (2.28) it follows 
that 08 = 1. 

Prom the equality S8<fi4 = fio, we obtain after cancellations: 

UlCig + U3{cl + c\c\) + ipQcl = U1S8C27 + U^C^C^ + U4C4 + U2C4C10 + 
+ W2(S'8C26 + C2C5/367 + 068C^2(^\C6 + 069<4<^6 + 072c\cl) + 
+ M3(ci(l + 075) + 4074 + clcl077 + 4ce079 + 4cl08o) + M4cl083+ 
+ c\cq084 + C2C6/385) + Ui{c\c\088 + cl089) + 'Ph{c\09\ + ^g2C2C6). 

Hence, 

<S'8C26 = c\cl0Q7 + 0q8cIcIcq + 0Q9cIcq + /372C4C5, 

077 , 079 , 080 , 083 , 084 , 085 , 088 , 089 , 091, 092 = 0, 

074, 075 = 1, S'8C27 = C19 + C11C4. 

From these relations and from (2.36) wc get 05r,04g ~ 1, 04^t04q,07 = 0; from 
(2.35) it follows that 0r,8, 052, 0?,2 = 0; from (2.34) it follows that 029 , 020 , 025 = 
0; from (2.33) it follows that 02,02?. = 0; from (2.36) it follows that /3i4, 0i9 = 0; 
from (2.30) it follows that 0i^ = 0; from (2.30) it follows also that 0^q = 0. 
Using the equality SQipu = wc obtain after the cancellation: 

U1C2I + ?i3C2(cio + C5 + C2C6) + ifeiciO + C5 + CgCe) = UiSqC27 + W.3C2f;8 + 
+ M3C8(cio + C? + C^Ce) + W,4C4(cio + C5 + C2C6) + M2Cio(cio + C5 + C2C6) + 
+ U3C4C6C8 + M4C2C4C8 + i^^CiC^ + ^Pzcl + U2iS(iC26 + c\ci2 + C2C12 + 
+ 4^56 + clc\0z5 + C^C^Ce/^eo + 06iclcl) + W3(c4C5(/36 + 072) + 
+ 44(022 + 067) + 4clc6068 + 4c6069) + ^44,042 + 4043+ 

+ 4034 + 440^) + U4440eO + ^5(44068 + 4069)- 
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Hence, 

<S'6C26 = clcl/355 + cl°l356 + c%c\i3q\\ ^6 = ^72, p22 = Per- 

SeC27 = C21 + C5C| + Cii(cio + C5 + clce) + C9C4C8, 

/369, 068, P60, ^43, ^42, /344, ^34 = 0. (2.37) 

Prom these relations and from (2.35) it follows that /3i8, /324, /339 = 0. 
Prom the equality S4ipi4 = ifu we get after the cancellation: 

UiS4,C27 + U3Cs{ci2 + C2C10 + C4C8 + C4C2) + U4,Ci{ci2 + C2C10 + CiCi) + 
+ V6C4C8 + U3C2C12 + ¥'3c|cio + 'U3Clo(ciO + C5 + C2C6) + 'U4C6C10 + 
+ ¥'6Cl2 + <^7ClO + ^3clcio + U2{SiC2& + Piiclcl + I3i(ic\c\cl) + 

+ U3{l355clcl + ^56C2° + PeK^cl) + </'3 (/367c|c| + /372C4C5) = U1C23. 

This means that 



'S'4C27 = C23 + C11C12 + C13C10 + C4C8C11, 

5'4C26 = /541C2C5 + Pi6c\c\cl; Per, P72 = 0, P55, Pse, Pei = 0. 

Prom these relations and from (2.37) it follows that Pe,P22 = 0. 

To determine the coefficients /34i and ^46 let us apply the operation 55,5. 

'S'5,5</'14 = <f9 = Ml<S'5,5C27 + M3(c2C4C8 + CgCg + C4C6 + CaCe) + (P3C4C8 + 
+ U2C6C10 + Ui{c2c\ + C4C6) + (P5C4 + <^6C6 + <^9 + 

+ "2(55,5026 + c| + C4) + V3(/34lC2 + Piec^cl). 

Hence, 

/341, /346 = 0; 55,5027 = C4C5C8 + C9O4 + C11C6, 55,5026 = c| + C4. 

To determine the coefficient P21 we apply the operation 54,4: 

54,4¥'14 = = Ui54,4C27 + ^2(04 + 03)010 + W3(C4C8 + Cg + €3 + C6C10 + 
+ c|c|) + U4(C4 + C2C10 + C4C8 + C4C|) + (^6(C8 + c| + cf) + <^5ClO + 

+ U3clp21 + W2(54,4C26 + Cls)- 

It follows from these relations that: 

P2I = 0; 54,4C27 = Cii(C8 + cl + c|) + C9C10, 54,4C26 = C18. 

To determine /3i7 let us use the operation 54,4,4,4: 

54,4,4,4VJl4 = <P6 = Ml54,4,4,4C27 + U254,4,4,4C26 + M3C2(1 + Pn) + V6- 

So, 

/3l7 = 1; 54,4,4,4027 = 54,4,4,4C26 = 0. 

To determine the coefficient ^26 we apply the operation 52,2,2,2,2,2,2,2,2,2,2,2: 

52,2,2,2,2,2,2,2,2,2,2,2</?14 = = ^3(1 + 026), 
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hence, (326 = 1- The final form of the projection of the element $14 is the 
following: 

ipi4 = U1C27 + U3C8C16 + M4C4C16 + M5C4C8 + U2C26 + W3(C24 + Cu-)Ci_4: + 

+ Cg + C6C18 + C2C4 + cl^) + IP3C22 + U4C20 + Cio + C5C10 + cIcgCio) + 

+ <P5(ci8 + C4C10) + ipeicj + cl + cecio) + U5C12 + ^gcio + fwcj. 

Using this decomposition we calculate the action of the operation on the 
elements C27, and C26- 



2.3 Matrix Massey products in MASS 

If elements ^, rj, ^ belong to E'j'^'*, for t < 106 then the following triple Massey 

products are defined and almost all of them contain zero: < ^, /lo,?? >. < 
>i < C)^Oi^ >• Hence for all such triples the matrix Massey products 

of the following two types are defined: < ^, /iq,?], ft-o < ho, (rj, C,), ( ^] >. 



Really, let c,^,,, be the element belonging to e'^''^'* which is defined uniquely up to 
cycles of the differential di, by the property: di(cf,^) S< ho,T] >. Let also /i^ 



denotes the element belonging to E-^ 
Then we have: 

/ 



i,o,t 



< ^,ho,r],ho >= 







V 



k 

ho 





and having the property = hoC- 



hr, 

1] 







ho J 



hoC(,,r, + h^hri, 



>= 



/lo {hrj,hc) 
(r?,C) 













C 

V 



J 



Let us denote the first product by A^,,,, and the second by J-^x^v There is 
the equality: tpa = J^ui,u2,u3, and in the notations of the work [6] we have: 

As a canonical representative for Tui,ui,uj we choose the element (pij. As a 



canonical representative for c„j^„^. we take ci,j. If ^ e £^2 has in E'l'''^ the 
following decomposition: ^ = WiCj, where Cj G E^'^'' , then as we take the 
following element: = J2i hiCi- As a canonical representative for A^,^ we take 
Under these conditions the elements J-^x,v ^^d A^x defined uniquely 
for t < 108. For the simplicity let us introduce the following new notations: 



Ui ,Ui ,Uj 



old 
Tr 



Uk,Ui ,Uj 



notation new 

Fiji's 



2.4. THE CELL El 



-0,1, T 



FOR T < 108 
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2.4 The cell E^'^'* for t < 108 

Generators are given in the Table 3. The following brief notations are used: 



complete 


^2,3,4 


^2,3,5 


^^2,4, 5 


'^3,4,5 


V'2,3,4 


V'2,3,4 


V'2,3,4 


brief 


Wl 


W2 


W3 


U>4 


■tjjl 


1/^2 


V'3 



complete 


V'2,3,4 


V'2,3,4 


V'2,3,5 


V'2,3,4 


V'2,3,5 


V'2,3,5 


brief 


V'4 


i>5 


i>6 


V'7 


V'8 


V'9 



Lemma 2.2. Lei a// f/ie elements given below are taken from, the cell £^2'^'* 
for t < 108. Let also the following conditions hold: i ^ j ^ k ^ i;i,j,k G 
{2,3,4,5}. Let £, ^ C, r} ^ 9 ^ ^ r},0 ^ C,. Then the following conditions 
hold: 

1) Uiipj^k + Ujipi^k + Uk(pi,j = MlWi,j,fc. 

2) Uiifiij^k + 'Pi,]'Pj,k = '"iV'ij,fc + UjUkcli- 

3) ipi^j(pi,j,k = ■"iV'i j,fc + UiVi.kclj + Ujifij^kcl^i. 

4) "^V-jj^fc + %V'jj- fc = /c. 

r\ ~2 2 2 I 2 I 2 

^iV'iJ.fe + 'Pi,j'<Pi,j,k + 'Pi,k^i3,k = <fi,j,ki^i,j,k- 
o\ 2 22,22,22 

8) ^i,j,k = Ui c^- fe + Wj-q.fe + UkCi j. 

{\\ -2 22 ,222 ,222 ,222 

10) ^J^c,r,,0 + C^i,r,,0 + vJ^u,e + &J^U,v = 0- 



Proof. It consists in direct check writing the decompositions of participating 
elements. □ 

This gives all the relations in £2'^'*, t < 108. 



2.5 The cell E^'^'^ for t < 108 

Lemma 2.3. i) If ^,C,ri G E^' ' , and € E^'*'* is an arbitrary element, 
and expression A^x defined, then the expressions Ae^x ■^i,0C ^'^^ ^'^^ 
defined and we ha,ve the equality OA^^ = -^d^X ^ -^^.9C- '^z' If ^^'^ -^i-v 
are defined, then the relation A^^^Q+ri is also defined, and the following equality 
holds: A^^Q + A(^^ri = -^(.x+v 

Proof, i) If A(^^Q is defined by the expression: 

ho hr, 

<i,ho,v,ho>= ^ 

\ ho / 



hoC^^ri + h^hri, 
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then Ae^x be given by the formula: 
< d(,,ho,ri,ho >-- 



1 














ha 


hri 











V 


I 














ho j 



0{hocs,v + hhr,), 



ii) is proved analogously. □ 

Lemma 2.4. Let X^iCiCi = 6e one of the relations of Lemma 1, where the 

elements ^i, Q £ i?^'^'* are such that the sum of their t-gradings is less than 108, 
and the elements -4^4, o,re defined for all i. Then ^^A^^x^ = 0. 

Proof. Let us consider for example the first of relations: 

Because of the equality ipj^k = u\Cj^k +'WfcCi,j +UjC\^ki we have hipj^k = hiCj^k + 

hkCij + hjCi,k and Cu^^ipj.k = Cij^k + ci.iCj.k- Because of equality ujij^k = 
MiCj,fe + UjC^^k + MftCij, we have /lui,^,^ = hiCj^k + hjC^^k + hkCij, and c„i,a;._^ = 
Ci,j,k + ci,iCj,k + ci,jCi,k + ci^kCij- Hence, 

•A.ui,'fj,k =ho{cij^k + ci,iCj,k) + hi{hiCj^k + hkCij + hjci^k), 
Auj,'Pi,k =ho{cij^k + cijCi^k) + hj{hiCi^k + hkCi^i + hiC\^k), 
•^uk,Vi,j =ho{ci,j,k + ci^kCij) + hk{h-iCij + hiCij + hjC\^i), 

•Aui ,ujij^k — hoi^C^jk ~\~ Ci^iCj^k ~t~ CijCi^k ~t~ Cl,k^,j^~^ 

+hi{hiCj^k + hjCi^k + hkCij). 

Adding these equalities we get the assertion of Lemma. The other equalities are 
proved analogously. □ 

Now we can describe the generators of the cell E^'^'^jt < 108. As it will 
be shown in Subsection 2.4, there are the following equalities for the Massey 

products < (p7,ho,LVi > = < V'l,^0,<^6 > = < V''2,^0,<^5 >= < "03,^0, ""4 > = 

=< ipi, ho, ifi3 >=< ipQ,ho, Us >=< ipr, ho, >, and they are not equal to zero 
in E'g'*'*. Equalities are understood in E'j'*'*, indeterminacy of each product is 
equal to zero in £^2'*'*- Let us call the pairs (1^7, cji), {ipQ,xJji), ((^5, ■02), (u4,V-'3)j 
{<f>3,4'4), {u3,tp5), {u2,tp7) forbidden. For each forbidden pair the element 
A^X defined. 

Let us take for each non-forbidden pair € E2'^'* , such that the sum of 
f-gradings of ^ and C is less than 108, the element A^x- ^et us delete from this 
set the elements .4^,^ which according to Lemma 2.3.2 can be expressed by the 
others. Let us add one element which we shall denote by A<u2,il'7>+<<P7,ui>i 
and having the following decomposition: 

A<:u2,tl;7> + «p7,u,i> =hoic5CsCi3 + C4C9C13) + hihsCgCis + hih4C5Ci3 + 

+ /l2^3C8(ci3 + C8C5 + C4C9) + hlc2CsCQ + /I4C2C4C5 + 
+ h2h4Ci{ci3 + C8C5 + C4C9) + ft.3/l4C2(c8C5 + C4C9). 

This gives the final system of generators of the cell E^''^'*, for t < 108. Let us 
describe relations. 
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Lemma 2.5. There are the following relations: 

2) e^,^ = C^^,^ = rjA^^c, 

3) Al^^ = /ioC{_^ + ft-j/i^; 

under the condition that all the expressions appearing in the formulas above are 

defined. 

Proof. 1) We have the formula for the first differential: di{h^c^^tj) = ^A^^ri + 
2) Also wc have: di{h^C(^,.f^ + h^^c^^rj) = £,-^(,r] + C-Ai,ri- 

Relations 3) and 4) can be checked directly. □ 

2.6 The cell ^2'^'* for t < 108 

Lemma 2.6. i) The element k e< cpr, ho,uii > is defined and not equal to zero 
in ^2'^'*; 

a) There are the equalities: 

< (pT, ho,u>i >=< (fie, ho, ipi >=< <^5, ho, tp2 >=< u^, ho, V'3 >= 

= < (ps,ho,i}i > = < U3,ho,1p5 > = < U2,ho,i)7 >, 

which are understood without an ambiguity because the indeterminacy in the 
given dimension is equal to zero. 

Hi) There is the equality hoK = in E2'*'*. 

Proof, i) The element k has the following decomposition: 

K =(ai,2Cll + ai,3C9 + aiAC5)ci3 + (q;2,3C2C8 + a2,4C2C4)cii + 
+ (a2,3C4C8 + 0^3AC2C4)cg + (a2,4C4C8 + a3^4C2Cs)c5. 

Here a^.j = Uihj + Ujhi. Because of 

dl[{c2Cii + C4C9 + C5Cs)Ci3] = K + a3,4Cllc| + a2,4Cgcl + a2,3C5c|, 

and 

i^i(cii) = 0:3,4, (ii(c9) = a2,4,di{c5) = a2,3, 

the fact is proved, 
ii) 

dl{{C5C8 + C4C9)C13) =K+ < U2,ho,1p7 >, 
rfl((c5C8 +C2Cii)Ci3) =K+ < U3,ho,'tp5 >, 
di{{C4Cg + C2Cii)ci3) =K+ < U4, Hq, tp3 >, 

< ipe,ho,ipi >= < U2,ho,'ip7 >, 

< ip5, ho, ^"2 >= < U3, ho, -05 >, 

< U4, ho, 11)3 >= < 'fi3,ho,tp4 >, 
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all the equalities are fulfilled strictly for the decompositions of the given elements 
inE^' ). 

iii) It follows from the formula: 

(il(/ll/l2CllCi3+/l2/l3C2C8Cll + ft.2/l4C2C4Cii + /11/13C9C13 + 
+/l2/l3C4C8C9+/l3/l4C2C4C9 + /I1/I4C5C13 + /I2/I4C4C5C8 + 
+hsh4C2C5C8+hlc4C8Cn + /I3C2C8C9 + /1IC2C4C5) = hoK. 



□ 



Remark 2.1. Described elements give a complete set of generators of ' for 
t < 108. 



2.7 On the action of differentials dr (r > 1) 

Because of multiplicative properties it is sufficient to describe an action of dr 
on iJ^'^'* and iJj?'-'^'*. Remind that the cell iJj'^'* consists of cycles of all the 
differentials dr- If t < 104 in all the cells E^^'* nonzero elements have t- 
grading equal to 4m + 2, and in the cells S''^'* nonzero elements have i-grading 
equal to 4m. First "irregular" elements are k, uinhf and (hD'^K; deg(?iiK/if) = 
(3, 2, 110), deg[{hlfK] = (2, 5, 112). Hence first elements of the cells E^^°'* and 
^o>i,« for which a differential dr can be non-equal to zero for r > 1 must have 
t-grading not less than 110. 

Theorem 2.1. There is an isomorphism of the terms E^'*'^ andE^*'* of MASS 
up to dimension 108: 

Proof. We need to prove only the fact that the clement k is an infinite cycle. In 
the chapter 3 it will be shown that there exists an element 51i G MSp^g, having 
the order 2 and whose projection to the term E^ of the Adams-Novikov spectral 
sequence is an element (having the same notation) J7i G E\'^''\ This last element 
has the order 2 and projects into the element uj\ G E^'^^ in MASS. Hence in the 
term E2 of the Adams-Novikov spectral sequence the following Massey product 
< rii,2,$7 > is defined and is associated to the element k G< cji, /iq, </'7 > 
defined in MASS. All the elements in £'2 ''''* are infinite cycles. Hence for the last 
product all the conditions of Theorem 3 of the work [11] about the convergence 
of Massey products in spectral sequences are fulfilled. Hence the element k is 
an infinite cycle. □ 



Chapter 3 



The Adams-Novikov 
spectral sequence for 

t-s <56 

3.1 Algebraic structure 

In the work [41] of the second author the ring MSp^, was calculated up to di- 
mensions * < 32. We continue these calculations and compute this ring in 
dimensions * < 56 (up to some integer relations). On the base of these cal- 
culations we construct the element G MSp4g of the order 2 and with the 
following properties: Of^i = and €< 0i,2, Qi > in MSp^,. Let us determine 
the term E2 of the Adams-Novikov spectral sequence, which is associated to 
the term E^o of the MASS which is calculated up to i < 106 in the Chapter 2. 
We also calculate the action of the differentials in the Adams-Novikov spectral 
sequence for 32 < t — s < 52. These results are given in Tables 6 and 7. 

1. We follow the work [41] and denote by 'kI{x) the projection of the element 
X G M Spi, (if X is in the i-th modiilc of filtration) into the term E2 of the 
Adams-Novikov spectral sequence. Let us introduce the following notations for 
the projections of the elements 6\ e MSp\, e MSpsi-a- 

f/i = nliei) G El'\ Ui+2 = 7ri($2i) € eI^^^^'-^\ 

= nl{<f,) e El-'^-\ if JV2^ 

We have: 2Ui = 0, 2$^ = and Ui, i>j are the infinite cycles of the Adams- 
Novikov spectral sequence. 

2. We follow the work [41] and denote by nf{x) the projection of the element 

X G E2= Y.yitA{BP*{MSp), BP*), (here we put A = A^^) into the i-th line of 
the term Erx) of MASS if x is in the i-th module of filtration corresponding to 
MASS. For the shortening let us introduce new notations of some generators of 
i?^"'*, t < 56, results are given in Table 5. Let us consider the elements Zi,yj 
(1 < hj < 8), having the following projections into the term E^o of MASS 
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(notations for the elements of MASS are taken from Table 5): 

ttK-Ji) = ai, 7r|(^2) = 02, ttK-^s) = as, 7r|(-24) = a^, 
7^0(2/4) = 64, nl{z5) = as, irlize) = a^, ^^{ye) = ce, 
71-2(2:7) = a?, 71-^(^7) = &7, 7r|(2;8) = as, i^livs) = eg- 

These notations differ from notations of the work [41] by the transposition of 
the elements ye and Zq. The action of the diffcircintials on these elements are 
described in the work [41]. Also in the work [41] the following elements are 
introduced: 

n = Um + U2Z3 e E^'^^ t2 = c/it/e + U2Z5 g e^'^^, 

T3 = U2y6 + Um^El'^°- 

These elements are the infinite cycles in the Adams-Novikov spectral sequence 

and define the elements ri G MSpir, T2 G MSp25, T3 G MSp29- Let us denote 
by F^E*'* the set of elements from E*^* ^ Ejit*/ {B P* {MS p), BP*) having the 
filtration corresponding MASS not less than i. 

3. It follows from the relation h^eg, = aia-j + al, which is fulfilled in the term 
£^00 of MASS that in the term E2 of the Adams-Novikov spectral sequence we 
have the relation: 

Ays = Z1Z7 + zl + j3i4z8 + M^M + zfvi) + MziZaz^ + zfye)+ 
+ l3i2ziyY + I352z2ze + l^e^zizr + pr'^zazs + Pszfzs + I3g2zl+ 

+ 01Ozlz2Z4 + Puzlzl + l3l2Z\zlzs + Pl^zlz^ + /J^^ + I3l5zfz2 + 

+ I3wzl + Pn2zlz2y4. + Pw'^zizi + pw2zlz2Z3 + p2o'^zfz2+ 

+ I52i2zIzq + /3222Zl2;32/4 + P232Z1Z2Z5 + P2i2zlzi + P2h2z2zl + 
+ /32622;|2/4 + /52741/4-24 + I3l&^yl + /S294-22y6- 

Let us choose the clement yg in such a way that P2S = (changing j/g for 
2/8=2/8 + 2/3282/4)- Let us multiply by U\ both parts of studying equality, then 
we have: 

/322iri + I33zIt2 + {Ps + Pw)zlz^Ui + 

+ {Pll + P12 + l3li)zlUi + (/?13 + Pl5)zlz3Ui + fiwzfUi = 0. 

we obtain that j32, /Ss, = mod 2; /Sg = Ao, As = As mod 2; /3ii + 
012 + /3i4 = mod 2. Not loosing the generality in the last relation we can 
have = /3i2 mod 2, then /?i4 = mod 2. We can choose the element Z7 in 
such a way that the action of the differential ^3(27) = UiU^ and the relation 
UiZt = U3Z4 are conserved and our equation takes the form: 

Ays =ziZ7 + zl + PiAzs + ^■52^2^6 + /37223Z5 + Ps.{.zlz5 + zlz2Zi)+ 
+Pq2zI + Pii{zlzl + zizfza) + /3i3(2i23 + z^zl) + I3u2z^+ 

+P242Z2Z4 + 025^Z2zl + I32&2zly4 + P27Ay4Z4 + l32QAZ2yQ. 

Let us apply the operation S'4^4 to the both parts of the last equality 
54,42/8 = {{,S2Z4)/2f{l + 2/39) mod 4. 
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We can suppose (changing j/g if necessary), that Si^^ify = {{S2Z/C) /^Y' mod 4 
Hence /Jg = mod 2. Then by the choice of yg we can achieve that our relation 
take the form: 

4y8 ^ziz-j + zl+ PiAzs + I3z2z2Zq + ^722:3-25 + Psizlz^ + zlz2Zi)+ 
+I3n{zlzl + zxzlzz) + ^i^{z\z-i + z\zl) + /3i424+ 

^-^2i^z\zi + ^2^2Z2Z\ + h&^AVi + /3274y4^4 + /3294^22/6- 

Because of the fact S'jiU^U'l) = 0, it follows that Syj/g = mod (2^1), and 
because of the fact S'7?74 = ?7i, it follows that S-jZf, = z\ mod (2zi). Applying 
57 to our equality we obtain \z\ = 4/3iZi mod (82:1), hence (3i = I mod 2, and 
so one can choose the element ys in such a way that our equality takes the form: 

42/8 + 4^8 =ziZ7 + zl + l3r,2z2ZQ + ^722325 + Ps(.zlz5 + zlz2Zi)+ 
+I3ii{zfzl + zizlz^) + I3i3{zlz^ + z^zl) + A424+ 
+I32i2.zlzi + I3252z2zl + fi2&2zlyi + fi27^ViZi + /3294z22/6- 

From the relations 2zq = Z\Z^ + ^2-24 and 4^4 + 4^4 = z\Zz + Z2 it follows 
that I3s{zlz5 + zlz2Zi) = Ps^zfze, Pn{ziZ^ + ziz^z^) = P\iZiZs^{z4, + 2/4), 
/3i3(zfz3 + zf^l) = /3i3zf4(z4 + 2/4). Hence one can choose Z7 (not changing the 
relation ?7iZ7 = U3Z4) in such a way that our expression takes the form: 

4y8 + 4^8 =ziZ7 + zl + /35 2Z226 + l^r^zszs + (3ii2zl + (32A2'zlzi+ 

+P2b'^Z2zl + /32622;|y4 + /3274t/424 + P2Q^Z2y&. 

From the relation 4z4 +42/4 = 212:3 + 2| it follows that 2/3242I24 = 2/^2424(424 + 
42/4 - 21 za), /326 22;|2/4 = 2^262/4(424 + 42:4 - 2:1 2:3), ;5i422;| = ^i422|(42;4 + 42/4 - 
012:3). Hence we can choose t/s and 2:8 that our equality takes the form: 

42/8 + 4Z8 =2127 + zl+ /352Z2ZG + l3r2z3Z5 + j325'2z2z'^ + 
+P27^y4.Z4, + /3294222/6- 

Prom the conditions SqC(, = 1 and S^cg, = C2 it follows that 5*62/6 = 1 mod 2; 
^62:8 = 22 mod (222, 2i); 5*62/8 = mod (222,2^); S'627 = zi mod (2zi). It 
follows from these facts that 422 = fi29^Zi mod (824), hence /329 = 1 mod 2, 
and one can choose y% that our equality takes the form: 

42/8 + 4Z8 + 4222/6 = 2127 + 2I + ^722325 + /32522223 + l32T^yiZA + I3^2z2Zq. 

From the relations S^Ci = 1, S4CQ = 0, S4C8 = C4 we obtain 

542:6 = 2:2 mod (202,2:1); 542:4 = mod 2; ^42:7 = mod (223, 2122, 22:1); 
542/6 = mod (22:2,21); 542/8 = mod (22:4, 22/4, 22122, 2I, 2123, 2i); 

5428 = Zi mod (22:4, 22/4, 22i22, 2:2, 212:3, 2i). 

If we apply the operation 54 to our equation then we get the relation: 2/35z| = 
mod (22:|), hence it follows that /Ss = mod 2, hence one can choose 2/8 m such 
a way that the relation holds: 

42/8 + 428 + 4222/6 = 2127 + zl+ I372Z3Z5 + l32b'^Z2zl + /32742/424- 
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From the following relations in MASS: S'2,2C8 = 0, S2Ce = c|, S2C4 = C2, 
S2,2C4 = 0, and the condition S2,2Ua = we get the relations: 

•52,22/8 = 2/4 mod {2y4,2z4,ziZ2,Z2,2zfz2,zf); S2,2y6 = mod {2z2, z^); 

82,227 = Z3 mod (2z3, Z1Z2, zj): 5*225 = 23 mod (2z3, ziZ2, z^); 

5*2,228 = mod (2j/4, 2z4, Z1Z3, z|, 22;^Z2, 2i); 52,2^5 = mod (2zi); 

522/6 = 2/4 mod (2^4, 22:4, ziz^, z|, 2zfz2, zf); S2Z4 = Z2 mod {2z2, zf); 

5*2,2^4 = mod 4; 5'223 = mod (2zi). 

Hence if we apply 5*2,2 to our equation we get a relation: 

4^27-24 + 42/4 = Z1Z3 + zl mod (82/4, 824, 22123, 22|). 

Hence, /327 = 1 mod 2, and we can choose 2/81 in such a way that our equation 
takes the form: 

4?/8 + 428 + 4222/6 + 42/424 = 2i27 + 2;| + Pr'^Z^Z^ + /32522;2-23. 

Prom the conditions Sz{UiU2U3) = UfU2 and SsiUiUl) = it follows that 

5*325=2:2 mod (2z2, 24), 5*324 = 2i mod (2zi), 
5*327 = mod (2z4, 2y4, z|, 21Z3, 2zfz2, zf), 

so the application of the operation 5*3 to our equation gives the relation: 

2/37-2223 = mod (42;223). 

Hence I3r = mod 2. Let us choose 2/8 in such a way that our equation takes 
the form: 

4^8 + 428 + 4222/6 + 4^424 = 2127 + 24 + ^252222|. 

Multiplying this equation by 21, we obtain: 

(4y8 + 42;8 + 4222/6 + 42/424)21 = 2;i2;7 + 242:1 + ^252222;! 2:1. 

Prom the relation 4 of the work [41] it follows that 212:3 = 4^/4 + 424 — 2!, hence 
our equation can be rewritten in the form: 

4(2/8 + 2:8 + 222/6 + 2/424)21 = 2^27 + 2I21 + ^2522223(424 + 4y4 - zl). 

Prom the relations Si^iU^ = 0; J7i27 = J7324; U1Z4 = U^zi it follows that 

5i.i24 = 22 mod (2z2, 2^); 5i24 = mod (223, 2122, 2z^); 
5i,i27 = mod (225, 2zi24, 22223, 22^23, 2212I, 22^22, 2zl)] 
5*1,123 = 2i mod (22i). 

Applying to the studying equality the operation 5*i,i, we have = j3252ziZ2 
mod (42122), or = ^25 mod 2. Choosing ye transform our equality to the 
form: 

4(2/8 + 28 + 22I/6 + 2/424) = 2127 + zl- 
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4. Consider the expression C/iZg. Because of the equaUty d3(t/iZ8) = U1U4, 
and the identity uiag = u^ai, fulfilled in the term Eoo of MASS we have the 
following equality in the term E2 of the Adams-Novikov spectral sequence: 

Uizs = U4Z1 + l3iz*Ti + hzlri + /33Z?T2 + PiZiyrUi + l35ZiZ'jUi + 
+ paZiZ^U^ + pjzlz^Ui + /^s^t^i + PqzIUi + Pwzlz^Ui. 

Changing zg, and Z7 in such a way that the equality of the item 3 and the relation 
U-iZj = UsZi are conserved, it is possible to transform our equality to the form: 

Uizg = U4Z1 + PqZzz^Ui + Psz^Ui. 

Changing and Z4 in such a way that the equality of the item 3 and the equal- 
ities 3,4,5,6,9 and 11 of the work [3] are conserved, it is possible to transform 
our equality to the form: 

Uiz& = U4Z1 + PeZsZsUi. 

Changing zg simultaneously with the changing of ys in order to conserve the 
equality of the item 3, it is possible to transform our equality to the form: 

U1Z8 = U4Z1. 

5. Let us consider the expression f722/7- Because of the equality ds{U2y7) = 

?7i?7|$3 and the identity = ^30-3, fulfilled for the term Eao of the MASS 
the following equation is valid in the term E2 of the Adams-Novikov spectral 
sequence: 

U2y7 = ^3Z3 + Piz^Ti + /32-z|ti + I3zzIt2 + PiZiyrUi + l35ZiZrUi + 
+ peZ3Z5Ui + PyzIz^Ux + PiZ^Ui + pgzfUi + iSwzfzaUi. 

Let us multiply both parts of this equality by C/i and use the relations U1Z3 = 
U2Z2 and Uiyr = $3^2 from [3]. We get the relations ft = mod 2 for each i. 
Hence we have: 

[/2J/7 = $323. 

6. Let us consider the expression U2Zt. Because of the equality dz{U2Z7) = 
UiU2U^, and the identity 1*207 = 71305, fulfilled for the term £^00 of the MASS 
the following equation is valid in the term E2 of the Adams-Novikov spectral 
sequence: 

U2Z7 = U3Z5 + Piz^Ti + I32zIti + /33Z1T2 + PiZiy^Ui + l3^ziZ7Ui + 
+ PeZsZsUi + [iTzlz^Ui + /38z|?7i + P^zlUi + l3wzlz:iUi. 

Let us multiply both parts of this equality by Ui and use the relations U\Z7 = 
UsZ4 and U1Z5 = U2Z4 from [3]. We obtain the relations ft = mod 2 for each 
i. Hence we have: 

U2Zr = U3Z5. 

7. An element zg € E^'^^ we choose in such a way that tt^Zq) = ag. From 
the action of the Landweber-Novikov operation S\: SiUq = as it follows that 

Si{zg + any element in this dimension not equal to zg) — zs + decomposables. 
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Hence, the following conditions must be fulfilled: 

dsizQ) ^ 0, 

daizg + any element in this dimension not equal to 2:9) ^ 0. 

So, 

d^izg) = P1U1U2U4 + p2UiU3^s + PsUiiUiye + Uszs)+ 

+ l3iUl{Um + U2Z7) + kU2Us{Um + + P^ulyl 

Applying the operation ^4,4 to this equality and because of the relations 54,42:9 = 
mod 2, 5*4. 4^8 = 1 mod 2 wc obtain PiUf = 0, or /?4 = mod 2. Let 
us use the operation St, then we have StZq = z^ mod (2z2,2f), StU^ = U\. 
So (^3(2:2) = U\U2 = i.e. /3i = 1 mod 2. Let us use the opera- 

tion 5*2.2,2.2; it follows from the relations 6*2. 2, 2. 2-^9 ^ mod (2zi); 52, 22/4 = 1 
mod 2, that (3eU^ = 0, or /Sg = mod 2. Let us use the operation Sq, we 
have 56-29 = 23 mod (223,2122,22?). Hence, (^3(23) = J7iJ7| = {Ps + l)?7i[/|, 
so /^s = mod 2. Applying the operation 55 and having in mind 55 29 = 
mod (21, 224, 2^4, 2123, 22^22, 2^), and also 55^3 = Ui, we obtain (32U1U3 = 0, 
or /32 = mod 2. From the conditions 52,2^^4 = 0, 52,2^3 = U2, 52,2-^9 = 
mod (225, 2124, 2223, 2z^23, 2]'z2! Szj') and 52,22/4 = 1 mod 2, it follows the re- 
lation P5U1U2U3 = 0, from which it follows that /^s = mod 2. So 

^3(^9) = UiU2Ui. 

8. An element yg € £"2'^® wc choose so that 7r2(y9) = 69. From the action of 
the Landweber-Novikov operation 52 : 52a9 = 07 + 67, it follows that 

52(2/9 + any element in this dimension not equal to 2/9) = 

Z7 + y? + docomposables. 
Hence the following conditions must be fulfilled: 

daiys) 7^ 0, 

daiyg + any element in this dimension not equal to 2/9) ^ 0. 

So, 

^3(2/9) = UiUs^s + I31U1U2U4 + l32Ui{Uiye + U3Z3)+ 

+ PsU^iUiys + U2Zr) + p4U2U3{Um + U2Z3) + PsUfyl 

Applying the operation 54,4 we obtain /^st/f = 0, so /^s = mod 2. Applying 
the operation 52.2,2.2 we obtain the relation = 0, that means that (3^ = 

mod 2. Acting by the operation 56 we arrive to the expression = /32J7iJ7|, i.e. 
82 = mod 2. From the condition 52,2^9 = 0, fulfilled in MASS the equality 
follows 52,22/9 = mod (225, 212:4, 2223, 2zf). Hence applying the operation 
52,2 to the equality that we are studying we obtain P4U1U2U3 = 0, hence, 
/34 = mod 2. Because of the equality 5769 = 0, it follows that 572/9 = 
mod (222, 2i), this gives fi-JJlU2 = 0, or /3i = mod 2. We get the following 
final form of the action of the differential ^3 on 2/9: 



^3(2/9) = UxUz^s. 
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9. From the condition hobg = a2a-j + 0405, fulfilled in the term £^00 of the 
MASS it follows that one can choose an element j/g in such a way that the 
following equality is fulfilled: 

22/9 = 22^7 + Z4Z5 + I3i2ziz^ + h'^zl + /332-Z3(-Z22/4 + zl) + /342zlyi+ 
+ Ps'izlzayi + Pe^ziz^Vi + pr^z^yr + PszHz^Va + ^|)+ 
+ Pq2ziZ2Z6 + PiQ2ziZr + Pn2zizl + P122Z1Z3Z5+ 
+ Pi32zlz5 + Pu2zlz2Z4, + I3i5'^ziz5 + /3l62^l4+ 
+ Pn2zl + Pi?,2zly6 + I3i92zfz3 + p2o2zlzl+ 

+ P2l2zlzlz3 + I3222Z2Z3Z4 + ,B23Z2{ziZe + Z2Zis) + 

+ /324 24(2l2/4 + -22-23) + /325-Z2-23 + /326.2l 22-25 + P27zlz3Zi+ 

+ P2&zIzq + P29Z1Z2ZI + l33oZizlzi + I33izIza-\- 
+ p32zlzl + p3zzlz2Z3 + p3izlz2 + p3r.2zlzl. 

Let us multiply both parts of the equality hy U\. Then we have the following 
identity: 

= ^8-2?-22Tl + l3ld,zlT2 + I323Z1Z2T2 + fi2iZiZiTi + l32sUizfze + 
+ {1325 + P29)UiZ^Z3 + {P26 + /327 + P3o)Uizfz2Z5 + /331«7izf Z4 + 

+ W32 + MUlzfzi + p3iUrzlz2. 

It follows from this identity that /^g, /Sig, ^23, P2A, P29., P31, P3A = mod 2; 
/325 = P29 mod 2; ^32 = /^sa mod 2; ^26 + /^ao + ;S27 = mod 2. Without loss 
of generality we can consider that /330 = mod 2, hence j32& = hi mod 2, and 
we can choose yg in such a way that the considering equality takes the form: 

2yg = .2227 + 2^425 + /3i2z4Z5 + /322z| + /?42z^y4+ 

+ I3r^2zlz3yi + (i(i2zizlyi + Pr'^zfyj + l3g2ziZ2Ze+ 

+ Pio2zf Zj + Pii2zizl + /3i22ziZ3Z5 + /3i32z2Z5 + 
+ Pu2zlz2Z4, + I3i52ztz5 + Pl62ziZ^ + Pi72zl + 
+ pw2zlyQ + Pw2zlz3 + p2Q2zlzl + p2i2zlzlz3+ 

+ P222Z2Z3Z4 + P25{ziz3 + ZxZ2zl) + ^3522:?^;| + 
+ /326 (2^1 2^2 2^5 + zfzsZi) + P32{zfzi + zfz2Z3). 

The following relations arrive from Table 2 of the work [41] : 

P25{Z2Z3 + ZiZ2zl)= /325 2^2 -23 (4-24 + %4), 
P26{ZiZ2Z5 + Z1Z3Z4,) = /326 2-21 2:2 2;6, 

I332{zfzl + zfz2Z3) = l332zfz3{4Zi + Ayi), 
P52ziZ3y4 + l3e2ziZ2y4 = p6^ziy4{4:Z4 + ^yi) + {05 - P&)'^zlz3y4, 
l3io2zlz7 + I3n2zizl = Pio2zi{Azs + ^ys + ^Z2y& + ^Z4yi)+ 
+ (/3io ~ Pii)2zizl, 

P122Z1Z3Z5 + I3222Z2Z3Z4 ^ 2z3y6/?12 + (^22 - /3l2)2z2.23.24, 

/3i42zi'z2Z4 + Pi52zfz5 = I3i42zf2ye + {P15 - /3i4)2zfz5, 
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Pi62zizl + /32i2zfzlz3 + l3352zlzl = ^622:122(42/4 + 424)+ 

+ (/321 - /3l6)22?23(4y4 + 4Z4) + (/335 - /321 + 0i6)2zlzl, 

Pis2ztz3 + hoHzl = /3l9225(4y4 + 4^4) + {^20 " h9)2zlzl. 

Hence one can choose the element j/g in order to get the relation (changing the 
notations of the elements Pi for convenience) : 

22/9 = Z227 + 2425 + /3i22425 + ;S222| + Pi2zlyi+ 
+ /35 2 2j^ 232/4 + Pr^z^yr + l3^2ziZ2Z(=, + I3ii2zizl+ 

+ ^1322|25 + /3i522f 25 + Pl72zl + /3l822j2/6 + 

+ /3i922;?2;3 + /32222;2-23-24 + p352zlzl. 

Using the relation 22/7 = Z2Z^ + 32;32;4 we can choose the element y% so that P22 
= 0. Let us apply the operation ^2,2 to our equality. From the conditions 

^2,22/9 = mod {2zf, 2zfz3), S2Z5 = mod {2zf), 
S2Z4, = mod {2zl), S2Z7 = mod (2^f ), 

52-22 = mod 2, 

we obtain that P42zf = mod (42^), or ^4 = mod 2. By the choice of yg we 
transform our equality to the form: 

22/9 = 2227 + 2425 + /3i22425 + ^222! + I352zfz3y4+ 
+ p72zly7 + ;3922i2226 + 0ii2zizl + /31322I25+ 
+ /3i522^25 + Pn2zl + Pia2zlye + Pw2zlz3+ 
+ I3352zfzl 

From the condition ^62/9 = mod (22^) we obtain that /3i822^ = mod (42^), 
hence, /3i8 = mod 2, and we can choose the element yg, in such a way that 
the corresponding summand will be equal to zero. So, we get: 

22/9 = 2227 + 2425 + /3i22425 + /3222I + /3522f 232/4 + 

+ /37 22i?y7 + .8a2ziZ2Ze + I3n2zizl + 0i32z^Z5+ 
+ ^1522^25 + /3i72zl + I3i92zlz3 + i3352zizl. 

Multiplying our expression by 21, and changing (according to the formula in the 
item 3) the expression 212227 by 

212227 22(4?/8 + 428 + 4222/6 + 4242/4) - 22 2I, 

and changing (according to the relation 2yQ = 2425 + 2224 from the work [6]) 
the expression 212425 by: 

,212425 = 24226 -222I. 

Now let us divide all coefficients by 2, we obtain: 

2l2/9 + 242/6 + 2(2/8 + 28 + 222/6 + 242/4)22 = 2224 + /3i 212425 + 
+ /322l2| + ^52i232/4 + Pizfyi + /392?2226 + /3ll2?2| + 
+ /3l32i2|25 + A52125 + ,0172^° + Pigzjzs + PssZ^zj. 
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The rest of cocfScicnts we determine later. 

10. Let us consider the expression Uiyg. From the action of the differential 
d^: dziUiyo) = UfU^^^ and the relation in the MASS: uibg = (^304 it follows 
that one can choose the element yg (not changing the relation of the previous 
item) in such a way that the equality is fulfilled: 

Uiyg = $32:4 + t/i [7123(^1 + ^2^4) + 72^^2(^324 + ziye)+ 
+ 7324(212/4 + 222/3) + 742122(212/4 + 2223) + 75222/7+ 

+ 762227 + 772I23 + 782108 + 79Z1Z225 + 7l02?2/6 + 
+ 7ll2i24 + 7122^22 + 7l32i22] + 7l4C^22325. 

Let us multiply this equality by 21, and the last equality of the item 9 we 
multiply by Ui and add them up. Then we get an equality: 

(/3l + 76 + l)UiZ2zl + l32UiZizl + ;35C/l2?232/4 + (/37 + 
+Pg)Uizly7 + PiiUizlzl + /3i3UiZiZ^Z5 + f3i5Uizlz5 + 

+PnUizl° + /3igUizlz3 + l3zbUizfzl + -fiUiZiZ3{zi+ 

+222/4) + 72^^12122(2:324 + 212/6) + 73^^12124(212/4+ 

+222/3) + 74^^12^22(212/4 + 2223) + 75^/121222/7+ 

+77^^121 2I23 + ^gUlzfzs + 79C/1212225 + 7loC^l2i2/6 + 
+7llC/l2i24 + 'yi2Ulzfz2 + 7l3C^l2i22 + 714^^1222325 = 0. 

from this we obtain that ^2, 1^5, /3ii, A3, As, 0i7, /3i9, As, 7i, 72 , 73 , 74 , 75, 

77, 78, 79, 710, 711, 712, 713, 714 = mod 2, A + 7i + 1 = mod 2, A = A 
mod 2. Hence we can change the choice of yg, in order to obtain the relations: 

2yg = Z227 + Z4Z5 + 2{l3 + 1)2425 + 'y{zly7 + 212225), 
Uiyg = $3^4 + 8UiZ2Zr. 

We can choose yg so that 13 = 0, then we obtain: 

Uiyg = $324, 2yg = Z2Z7 + 32425 + 7(212/7 + 212226). 

Applying the operation ^4 to this equality and having in mind the equality 

S'42/7 = Z3 mod (2^3), we obtain 721Z3 = mod {2zfz3,2ziZ2,2zi), hence it 
follows that 7 = mod 2, so one can choose the element yg to obtain: 

2yg = Z2Zr + 3Z4Z5. 

11. Let us consider the expression J732/6- From the action of the differential 
da- dz{UzyQ) = U^Uz^^ and the relation in the MASS: U363 = 1^304, we obtain 
the following equality: 

Usya = ^>324 + J7l[A23(2| + 222/4) + A22(2l2/6 + 23X4) + 

+ A24(2l2/4 + 2223) + A21 22 (212/4 + 2223) + A222/7 + 
+ A2227 + A2I23 + A2128 + A212225 + Piozfz6 + 
+ Al2i24 + A22?2| + A32[2;2] + ?72A42325. 
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Let us multiply this equation by f/i and use the relations: 

UiVe = $3-21, U3Z1 = Uizs, 
we obtain ft = mod 2. Hence we obtain: 

UaVe = $324- 

12. Let us consider the expression UiZq. From the condition d3{UiZQ) = 
U1U2U4, and the relation uiog = ^402 fulfilled in the MASS it follows that one 
can choose the element zg, in such a way that the equality is fulfilled: 

UiZg = U4Z2 + I3U2Z2Z5. 

Let us apply the operation 82 to this equality. Prom the relations 
S2Zg=yr mod (22/7,207, ...), 52^4 = $3, •52-25 = -23 mod (2^;3, 2:102, 22;i) 

we obtain that j3U2z1 = mod 2, hence, ,9 = mod 2. So our equality takes 
the form: 

UiZg = UiZ2- 

13. Let us consider the expression f/2-28- Because of relation di{U2Z%) = 
U1U2U4, of the term E3 of the Adams-Novikov spectral sequence and the relation 
^2^8 = ^402, fulfilled in the MASS we obtain the following: 

U2Z8 = U4Z2 + PiUi[PiZ3{z3 + 022/4) + P2Z2{ziye + 2^3-24)+ 

+ 03Z4{ziy4 + -22-23) + /34-2f 02(2:12/4 + 2:203) + l35Z2y7+ 
+ I36Z2Z7 + liyzlzs + PsZlZg + /3gzlz2Z5 + /3io0?06 + 
+ /3ii0f 04 + Pl2zM + /3l3zlz2] + U2/314Z3Z5. 

If we multiply this equality by Ui, and then use the relation: ?7i08 = J740i and 
Z7201 = U1Z2, then we get the equality: 

U^[PiZ3{zl + Z2yi) + fi2Z2{ziye + 03^4) + /33Z4(zi2/4 + 2203)+ 

+^42102(012/4 + -22-23) + libZ2y7 + ^6^227 + /572I03 + /38.2108 + 
+^90^0205 + (iwzlzQ + /3ii0^04 + /3l22?0| + I3l3zlz2] + 

+ U1U2I3UZ3Z5 = 0. 

From the last equality we conclude that all the elements ft are equal to 
mod 2 and so the initial equality can be transformed to the form: 

U2ZS = UiZ2. 

14. Let us choose an element 010 S E^"'^^ so that the following equality 
is fulfilled: ir'^izw) = bio + 0,40^. Prom the action of the Landweber-Novikov 

operation 6*2 in the MASS: 5*2610 = &8, we conclude that in the Adams-Novikov 
spectral sequence the following relation need to be fulfilled: 

'S'2(2io + any element from F^i?2'^°, ^lot equal to 010) = 08 + decomposables. 

Hence 

dsizio) ^ 0, 
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d^izio + decomposable) 7^ 0. 
Hence we choose the element 2:10 so that the following equality will be fulfilled: 

dsizio) = C/l $5 + PlUi + l32U2Us^3 + 03UiU4+ 

+ piUiU2{Um + U3Z7) + p5U!U2yl+ 

+ l36U^{U2y6 + Uavi) + pjUx^^iUm + U2Z2,)+ 

+ PsUiUaiUiye + UaZa). 

Let us apply the operation 84^4 to this equality. From the conditions: 84,4^5 = 
$1, S'4,42;io = Z2 mod {2z2,zf), S^^^ys, = 1 mod 2, we get the relation /34 = 
mod 2. Prom the relations fulfilled for the operation 82,2,2,2- S'2,2,2,2^5 = ^1, 
<S'2,2,2,2Zio = Z2 mod {2z2,zf), and the operation ^2,2: '52,22/4 = 1 mod 2, 
82,2^3 = $1, we obtain the equality 

d3{Z2) = {1 + 135 + 07 + P8)U^U2, 

from which it follows that + + /3s = mod 2. Using the operation ^7, 
we arrive to the relation (33U1U2, from which we conclude, that /Js = mod 2. 
Acting by the operation 8q on our equality and having in mind the relation: 

8qZio = Z4 mod (2z4, 2t/4, Z1Z3, 2z1z2, z"^, zf), wc get the equality ^3(2:4) = (1 + 
l3&)UlU3 + hU^. Hence, 13^,(3% = mod 2. Using the conditions 

82,2Zw = zq mod {2zq, 2yQ, Z1Z5, Z2Z4, z^, 2z\z4, z\z3, 2z\z2, z\z1, z^), 

82,2^5 = 

and applying the operation ^2,2 to the considering equality, we obtain: 

d3{y6) = 07UiU2{Um + U2Z3) + l3lUlU3 + (1 + p7)Uf^3. 

This gives the relations: /Sy = mod 2. Prom the relation /Ss + /Jy + /^g = 

mod 2 we conclude /^s = mod 2. Applying the operation 82 to our equality. 
From the equality 82{U2U3<^3) = i7|$3 + t/2J7| it follows that ^2 = mod 2. 
So, finally we get: 

^3(^10) = C/f *5. 

15. Choose the element yio € £^2'^° so that 7ro(2/io) = Cio- Prom the condi- 
tion: 

S2{yio + any element in this dimension not equal to t/io) = 
2/8 mod (elements from ^^£'2'^^) 

the relations follow: 

4(2/10) 7^ 0, 

dsiyio + any element in this dimension not equal to j/10) 7^ 0. 
Hence we can choose the element 2/10 so that the equality will be fulfilled: 

d3{yio) = l3iUi + p2U2U3^4 + P3UIU4 + l34Ui{U2ye + C/32/4). 

Apply the operation 8e to this equality and notice that 562/10 = mod (22/4), 

so we get the relation (J3^ + P4)U2 = 0, hence /S^ = (34 mod 2. Because of the 
fact 52,22/10 = 2/6 mod (elements from i^^£'2'^^), after the application of the 
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operation S2.2 to our equality we obtain d^ifje) = {J3i + /34)(7|t/3. This gives the 
relation Pi + /Si = I mod 2. Using the operation 5*2 we arrive to the equality 

dsivs) = (A + l32)U2Ui + {132 + /33)Ui^s. 

This gives us the relations: (32 = Ps mod 2 /3i + /32 = 1 mod 2. Finally if 
we use the operation Si^i, and have in mind the fact that Si^iyio = yg + yl 
mod (elements from F^iiJj'^^), the we got the following expression: d3{ys) = 
l3iU2Ui + {82 + /33)t/|$3 + /34C/f (C/22/6 + Uay^)- Hence /3i = 1 mod 2, 
1^2, Pa, (34 = mod 2. Finally we have the formula for the action of c/3: 

daivio) = Ul. 

16. Choose the element yl^ G E^''^'^ so that 7ro(yio) = + c^ce- Prom the 
condition: 

'^3,3(2/10 + element from this dimension not equal to t/io) = 
2/4 mod (elements form F'^E^'^^) 

the relations follow: 

^3(^10) 7^ 0, 

£^3(2/10 + any element from his dimension not equal to y^^) ^ 0. 

Hence it is possible to choose the element y^Q so that the following equality is 
fulfilled: 

diiVw) = (3iUi + p2U2Us^4 + P3UIU4 + p4Ul{U2ye + Usy^). 

Applying the operation to this equality and noticing that -Ss, 31/10 = Vi 
mod (22/4), S'3,32/6 = mod 2, Sz^zU^ = U2, we obtain the relation d^iyi) = 
P3U2, hence, ^3 = 1 mod 2. If we apply the operation Sq to our equality and 
notice that S^ylg = j/4 mod (2^/4), we get the relation ^3(2/4) = (1 + Pi)U2-, 
hence /34 = mod 2. Using the operation ^2, and having in mind the equality 

522/10 = Va ™od (elements from F^£'2'^^and decomposables), 

we come to the expression 

= (/3i + p2)U2ui + {p2 + 1);7|*3, 

hence, /3i = 1 mod 2, /32 = 1 mod 2. Finally our equality has the form: 

^3 (2/1*0) = U^U^ + f/2f/3*3 + Ul 

17. The is an equality: /iqCio = ^307 + ai in the MASS. Hence, one can 
choose the element t/ig so that the following equality will be fulfilled: 

4(2/1*0 + 2/42/6) = (1 + 2/3i)^3^7 + (1 + 2/32)^1 + +Xlo(^o> y^6, z^7, 4). 

where Xl^ e F6(£;°'''°), ^3(^40) = 0, and the sign ( ) over an element means 
that the given element does not appear in the expression for X\q. Let us apply 
the operation ^5,5 to our equality, we get the relation 52/10 = {{^bZ^,) /2)'^{l-\- 
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2^2) mod 4; we may suppose that S^^^uIq = {(S^z^) /2)'^ mod 4. Hence, /32 = 
mod 2, so, by the choice of yio we can transform our equahty to the form 

^ivio + 2/42/6) = (1 + 2/31)2:3^7 + z1 + ^ioCy^o' yJye, z^7, zl). 

Let us apply the operation S7 to this expression, we get the relation: Sjylf^ = 
((S'707)/4)(l + 2^1)^3 mod (8Z3). We may suppose that S'7?;^, = ((5'7Z7)/4)z3 
mod (8Z3). Hence, ^1 = mod 2 and by the choice of ijIq it is possible to 
transform our expression to the form: 

4(yJ'o + 2/4^6) = Z3Z7 + zl+ X]o(2/lO' 2My6, z^7, z^). 

18. There is the equality: /lo&io = ^208 + diag in the MASS. Hence it is 
possible to choose the element 210 so that the following equality is fulfilled: 

2(^10 + Ziye) = Z2Zs + (1 + 2/3)ziZ9 + Xf^iz^o, z^e, z^s, z^o)- 

In this expression wc have: X|o e F'^iE^ ), ^(^lo) = 0. Applying the opera- 
tion Sq to this expression we get the following relation: 59^:10 = ((5g2;9)/2)(l + 
2P)zi mod {4:Zi). We may suppose that SgZio = {{Sgzg)/2)3zi mod {4:Zi). 
Hence it is possible to choose zio so that the following equality is fulfilled: 

2(2:10 + -242/6) = -22-28 + 3-2109 + ^loizw, -24^6, Z2Z8, Z1Z9). 

Applying the operation ^7 to this relation we obtain 

57-210 = mod (221-22 , 22i, 423). 

19. From the relation wi(&io + a^ca) = ai(pQ in the MASS and the action of 
the differential: d3{UiZio) = C^i$5 it follows that we may choose the element 
2io so that the equality is fulfilled: 

;7i2io = ^'521 + l3UiZ2Zs. 

Applying the operation S7 to this equality we obtain the following relation: 
PU1Z1Z2 = mod (22122), from where it follows that one may choose the ele- 
ment 2io so that the equality is fulfilled: 

;7i2io = $5-21- 

20. Let us consider the expression: 6^229. From the condition: dz{U2Z<j) = 
U1U2U4 and U2a9 = 11403 in the MASS it follows that one can choose the element 
29 (not violating the previous relations) that the following relation is fulfilled: 
U2Zg = U4Z2 + Y[l3i] (*), where F[/3j] has the following form: 

Y\Pi\ = 23(23^4 + 2324) -I- /322i (212/8 + 2227) + ^32122(212/4 + 2223)-!- 
+ ^421(212/6 + 2225) -I- I35zf{zfy4 + 2I) + l3eZ3{ziye + 2225)+ 
+ ^725(212/4 + 2223) + ^82129 + ^92327 -I- Piozfzr + I3iizlzi+ 

+ Pl2zlz5 + Pl^zlzl + PlAzlzl ^ /3i5zfz^ + Piezl° + /3l7242/6 + 

+ ^18^32/7 + Pwzfyr + 02ozfyl]Ui + ^21^/223(222/4 + 23) 
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If we multiply now the expression (*) by Ui and use the relations UiU2Zg = 
U2U4Z1 = U1U4Z2, then we get t/iF[/3j] = Hence, it follows for all /3j = 
mod 2, and so: 

U2Zg = U4Z2. 

21. From the action of the differential and the relation ^209 = u^a^ = 
1^305 in the MASS it follows that one can choose the element yg (not violating the 
previous relations) that in the Adams-Novikov spectral sequence the following 
relations will be fulfilled: 

U2y9 = Usyr + Y[pi] , f/22/9 = $3^5 + Y[j3i] . 

Here Y[l3i\ denotes the expression from the item 20. Multiplying both relations 
(term by term) by f/i , we obtain that in both cases all coefficients A = mod 2. 
So, we have: 

U2y9 = Uayr, U2yg = $3^5- 

22. There is the relation in the MASS: = u\c\ + ulcf + u\(^. Hence it 

is possible to choose the element y*Q (not violating his properties) so that the 
following equality is fulfilled in the Adams-Novikov spectral sequence: 

$3 = Uipiylo + f^2(2/9 + zg) + U^zr] + U^ys + U^yi+ 

+ Ui[U-iy4y6 + U2{y4Z5 + yez^)] + (iUizaZQ. 

Let us apply the operation ^2 to our equality. From the relation Uiz^ = U4Z1 it 
follows that S2ZS = mod (2z|), and because of the relation from the item 3 it 
follows that S2ys = mod (2^:3). So, we obtain that Z??/! -zf = mod {2U2Z^), 
Hence, /3 = mod 2. Finally: 

$3 = Ui[Uiy1o + U2{yg + zg) + C/3^7] + U^ys + Uiy4+ 

+ Ui[Uiy4ye + ^^2(^4^5 + yez^)]. 

23. An element 2:11 € -Ej'^^ we choose so that ttK^h) = an. Because of the 
relation 53011 = ag we obtain that 

'S'3(2;ii + any element from this dimension not equal to Zn) = 

zs + decomposables. 

Hence, 

^3(^11) 7^0, 

dsizii + any element from this dimension not equal to Zn) ^0. 

Hence it is possible to choose the clement zn so that for the action of the 
differential ^3 the following equality will be fulfilled: 

dsizii) = UiUzUa + hUi^l + 02UiU2^5 + l3:^U2^3{Uiy4 + U2Z^)+ 

+ p4Ul{Um + U2Z7) + ^5C/2C/3(C/22/6 + Uzy4) + miiUm + U2Z3) + 

+ p7UiU^yl 

Let us apply the operation Sg to this expression. From the relation SgZn = 
mod (2^2), we obtain the equality /32t^i t^2 = 0. Hence, /32 = mod 2. 
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Acting on the equality under consideration by the operation 55,5 and using the 
relation 52:11 = mod (221), we obtain /3i = mod 2. Let us use now the 
operation 84^4. Because of the equality ^4, 42:11 = mod (223), it follows the 
relation: (34 = mod 2. Analogous use of the operation S'2,2.2,2 together with 
the relations 5*2,2,2,2-211 = mod (223), 82,2,21/6 = 1 mod 2, 52,2^3 = U2, gives 
us the condition (^3 + ^5 + /^e + iSrWiUl = 0. Hence, jS^ + l35 + I3e + 07 = 
mod 2. Using the operation 5*6 we get the following: S^zn = 25 mod (225), 
Seye = 1 mod 2, and so, ^3(2:5) = U1U2U3 = U1U2U3 + /35U1U2U3. Hence, 
05 = mod 2. From the following property of the operation 55: 552:11 = 
mod (2y6,2z6), it follows that 03 = mod 2. Finally using the operation 5*2,2 
we have: 52,2^11 = yr mod {2yT,2zj), that gives: 

^3(^7) = f/if/2*3 = UiU2^3 + (ieUiUi + PeU^Um + U2Z3). 

Hence, Pf, = mod 2. From the previous relations we obtain now that /37 = 
mod 2. Summarizing all relations we get finally: 

^3(211) = U1U3U4. 

24. An clement yn G -E^'^^ we choose so that ttKi/ii) = 611 + 0506- Because 
of the relation 5*9611 = 02, we obtain that 

59(1/11 + any element of this dimension not equal to y\\) = Z2 mod (222, z\). 
Hence, 

d3{yii) + 0, 

(^3(2/11 + any element of this dimension not equal to yn) 7^ 0. 

Hence it is possible to choose the element yn, so that for the action of the 
differential ^3 the following equality is fulfilled: 

rf3(yil) = C/lC/2$5 + P1U1U3U4 + p2Ul^l + p3U2^i{Um + U2Z3) + 

+ PiUliUiys + U2Z7) + p5U2U3{U2y6 + U3y4) + PeUHUm + U2Z3)+ 
+ l3rUiUlyl 

Acting by the operation 55.5 on our equality an using the relation 55,52/11 = 
mod (22i), we obtain that ^2=0 mod 2. Analogous use of the operation 
52,2,2,2, together with the relations 

52,2,2,22/11 = Z3 mod (223), 52,2,22/6 = 1 mod 2, 52,2,2,24'5 = U2, 

gives the formula 

£^3(^3) = UiUi = UlUi + (/33 + /35 + ^6 + PrWiUi. 

Hence, /?3 + /?5 + /?6 + =0 mod 2. Let us use the operation 54,4. From 
the relations: 54,42/11 = 23 mod (223) and 54,4^5 = U2 we obtain the equality: 
^3(23) = UiUi = UiUi + l34UiUi, hence, it 'follows that /34 = mod 2. Let 
us apply the operation 57 to our equality. Because of the relation Sryu = 
mod (224, 2J/4), we obtain: /3i = mod 2. From the following property of the 
operation Sq: Sgyu = Z5 mod (225), we obtain that 



^3(25) = U1U2U3 = U1U2U3 + fi5UlU2U3. 
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Hence, ^5 = mod 2. From the following property of the operation 5*5: 
Ssyn = mod {2yQ,2ze) we obtain that (33UiU2{Uiy4 + U2Z3) = 0. Hence, 
/Ss = mod 2. Finally using the operation 52,2, we obtain: 52,22/11 = Vr 
mod {2yr,2zr), this gives: 

dsiyr) = UiU2^s = UiU^^^ + peUiUi + PeU^iUm + U2Z3). 

Hence, (3q = mod 2. From the previous relations we obtain now (3r = 
mod 2. So, finally we get: 

dsiyn) = UiU2^5- 

25. There are the following equalities in the MASS: hoe^a^j + hoega^ = 
0269 + 0467, and hoesas + hocioai = aib^ + 0565. Using the relations 4, 6, 9 
from the work [41] and relations of the items 3, 9, 16 of the present work, we 
obtain that there is the equality in the Adams-Novikov spectral sequence: 

2y8Z3 + 2(yio + 1/62/4)^1 = 2:4^7 + zqZq + X^^{y^5, ygi^, zi{ylo + VeVi), ziyr)- 
2y4Z7 + 2ysZ3 = ^22/9 + 2:4^7 + Xl^imzr, ysza, z^g, z^r). 

Here we have: G F^{E^''^^), dsiXl^) = 0, and the symbol " over an 

element means that this element does not appear in the given expression. 

26. From the relation hobn = a^as + 0209 in the MASS, the action of the 
operation and the relation 9 from the work [3] it follows that we can choose the 
element yn so that the relation is fulfilled: 

2yii = -222:9 + SZ3Z8 + X44{y^i,z^g, z^s)- 

Here: X44, e F^(i?2'*^), d3{X44) = 0, and the symbol has the same meaning 
as earlier. 

27. Prom the relation: Ui(aieio + 0363 + 0764) — (psbe, valid in the MASS, 
the equality follows: 

Ui{ziyio + ziy4y6 + z^ys + 2:72/4) = $32/6 + Ui[PiZiZio+ 

+P2Z2Z9 + PsZ2yQ + P4zlz2Z7 + I35Z4Z7 + P6Z2{ziys + 

+Z2Z7) + l37Z4{ziye + Z3Z4) + /^s 2? 24 (21 2/4 + 22^3)+ 

+P9zfz2{ziy6 + Z3Z4) + Pwzl{Ziy4 + Z2Z3) + PiiZ^X 

'xz2{ziy4 + Z2Z3) + l3i2Ze{ziy4 + Z2Z3) + l3i3Z3{z2y(i+ 
+Z42/4) + /3i423(22j/6 + Z3Z5) + I3i5zfz2y7 + l3iezfzs+ 
+(inzlz2zl + I3iszlzlz4 + Pi^zIza + l32ozlze + /32iX 

Xzlz2 + I322zlz2 + l323ZlZ2Z3Z^ + (i2AZiZ2yl + /325-24-Z7+ 
+02&Z2zl] + P27U2Z3Z7 + P2&U2Z3y7. 

Multiplying this equality by C/i, and the equality from the item 22 by zi and 
add them. Using the relations: UIZ3 = J/I^i, Ulz7 = U§zi, Uiye = ^sZi, 
U\Z2 = U2Z1, we obtain, that 02, Ps, (^5, (3i3 = 1 mod 2, and for all the other i 
the relation is valid: f3i =0 mod 2. So, finally we get: 

C^l (212/10 + 212/42/6 + 232/8 + 272/4) + U1Z4Z7 + UiZ2Zg + 
+ UiZ2y9 + 1/123(222/6 + 242/4) = *32/6- 
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28. Let us consider the product Uiyu. From the action of the differential ^3: 
<^3(t^iyii) = J7i C/2$5 and the relation valid in the MASS: mi (611 +0505) = (^502, 
it follows that one can choose yu so that the following formula holds: 

Uiyu = $5-22 + l3iU2Z3Zr + ^2C^2Z32/7 + fizU?,y'l + /S^Uiz^zs. 

From the relation of the item 25 it follows that S^yn = mod {2Z2Z3). Hence, 
if we apply the operation Sq to our equality we obtain: /?4?7iZ2-23 = 0, hence, 
/34 = mod 2. Let us apply the operation 52,2,2,2 to our equality, then we 
have: U1Z3 = U2Z2 + fizU^- Hence, /33 = mod 2. Now let us act by the 
operation 53,3 on our equality. We shall have: (iiU2ZiZ3, = 0, hence, /3i = 
mod 2. Finally, if we apply the operation 6*5, then we get the relation I32U2Z2Z3 
= 0, in other words: ,^2 = mod 2. Hence, it is possible to choose the element 
yii in such a way that the relation holds: 

Uiyn = $5-^2- 

29. Let us consider the product U2Z10. The action of the differential ^3 on 
this element in the following: d3{U2Zio) = UlU2'^b- Also we have the formula 
in the MASS: W2(&io + cucq) = </95a2. Hence by the choice of the element 2:10 we 
can obtain the following equality: U2Z\o = $502 + ^(A), where has the 
decomposition: 

X{pi) = Ui[Pizfz2Zr + /32Z1Z10 + P3Z2{ziiiy8 + Z2Z7) + l3iZi{ziyfi + zsZ4)+ 
+ I3^zlzi{ziyi + Z2Z3) + I3ezfz2{ziy6 + Z2Z3) + I3'jzl{ziyi + 22-23)+ 
+ l3sZiZ2{ziyi + Z2Z3) + P9Z&{ziyi + Z2Z3) + ^0^3(2:22/6 + 242/4)+ 

+ /3ll2;3(222/6 + 2325) + ^221222/7 + A3Z?Z2zf + A42i28 + 

+ Pi-^zlzi + pifizfzlzi + pnzlzQ + iSisz'lz^ + /3igzlz2+ 

+ P20Z4:Z7 + ;52l2l222325 + /3222l222/| + /323222/9 + /3242229 + 
+ 025Z2zl] + 026U2Z3Z7 + 027U2Z3yr. 

Multiplying the expression U2Z10 = $522+X(/3j) by Ui, and using the relations: 
UiZio = ^5Zi and U1Z2 = U2Z1 we get the following: UiX{Pi) = 0. Hence it 
follows that for alH = 1, 2, . . . , 27, ft = mod 2. So, finally we obtain: 

U2Z10 = $5-22- 

30. Let us consider the expression: UiZu. Having in mind the action of the 
differential d^: d3{UiZii) = UfU3U4 and the relation in the MASS: Uiau = 
ustts, we get the equality: 

Uizn = U3Z8 + P1U2Z3Z7 + /32C^2-232/7 + PaUsvi- 

Let us act by the operation 52,2,2,2 on this relation, we get I33U3 = 0, hence, 
/33 = mod 2. Acting by the operation ^3,3, we get: t/125 = ?7322 + /3i?722i23, 
so, (3i = mod 2. Finally, using the operation ^5, we get the expression: 
02 = mod 2. The final form of the equality is the following: 



Uizii = U3ZS. 
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31. Let us consider the product: U^zs- Because of the fact that ds{U3Zs) = 
U1U3U4 and in the MASS we have the relation: u^as = 1(404, it foUows that it 
is possible to choose the element zg to fulfill the equality: 

U3ZS = UiZi + X{pi), 

where the expression X{f3i) is defined in the item 29. Let us multiply this 
expression by Ui and use the relations: C/iZg = U4Z1 and U1Z4 = U3Z1. Then 
we get: U\X{fii) = 0. Hence, A = mod 2. So, we have: 

Uzzs, = U4Z4. 

32. An clement Z12 G i?2'^° we choose to fulfill the condition: 7r|(2;i2) = 
612 + a2Cio + a4c|. From the condition: 

'§'2(212 + any element of this dimension not equal to Z12) = ziq + ... 

it follows that the conditions are fulfilled: ^3(^12) 7^ 0, ^3(2:12 + . ■ .) 7^ 0. Hence, 
we can choose 012 to satisfy the conditions: 

^3(^12) = Ui^e + /3iC/|*5 + /32?72$3 + P3U2U3U4 + /34C/|$3 + P5Uiyl+ 
+ P%U^{U2y% + Usye) + l3rU2Us{U2y6 + Um) + P%UlUiyl+ 
+ PuUiUiiUm + U2Z3) + pgUiUsiUiys + U2Z7) + PwUx^3{UiyQ+ 
+ U3Z3) + PiiUiU2{Ui{yw + yw) + U2{z9 + yg)). 

Applying the operation to our equality and having in mind the; relation 
Sio{zi2) = Z2 mod (22:2,-21), we obtain: ^3(22) = P11U1U2 + UlU2- Hence, 
/3ii = mod 2. Let us use the operation 5*5,5. We have the relations: 55,5212 = 
22 mod (222,2^) and S'5,5$6 = U2. So, we get the equality: /32 = mod 2. 
From the conditions: 59212 = mod (223) and /Sg^s = U\ it follows that 
if we apply the operation to our equality we obtain the relation: /3i = 
mod 2. Using the operation 54,4 and having in mind the facts: S'4,4212 = 
mod (2z4,2y4) and 54,4$6 = 0, we obtain the relation: = /SeC^I + /3gf^iC^3- 
Hence, /36,/3g = mod 2. Let us the operation 82,2,2,2'- •52,2,2,2212 = 24 
mod (224,22/4), 52,2,2,2^6 = U3. Hence, 

(^3(24) = UlUs = UfUs + {134 + I35)UI + (/38 + PioWfUs. 

So, we obtain: ^4 = 13^ mod 2, /3g = /3io mod 2. Let us act by the oper- 
ation ^7 on our equality, we obtain: = /?3?7i?72^^3 + Pi2Ui(Uiy4 + U2Z3). 
Hence, /33,/3i2 = mod 2. Using the operation Sq and the relation ^6212 = zq 
mod (226, 2^6 ), gives us the relation: 

d3(26) = Uf^s = l3rUlUs + (1 + /3io)C/f $3, 

from which it follows that /37,/3io = mod 2, and from the previous relations 

we get: /?§ = mod 2. Let us use the operation ^5, we obtain that = j34UiU^, 
i.e. ^4 = mod 2, and so /35 = mod 2. Finally we obtain: 

4(212) = C/2$6. 

33. An element yi2 € £^2'^* we choose so that ■7ro(yi2) = C12. From the 
relation in the MASS: ^2012 = Cg + c^cq, we obtain: 

S2{yi2 + any element of this dimension not equal to 2/12) = 2/iq + . . . . 
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Hence, ^3(2/12) ^ 0, ds{yi2 + . . .) ^ 0. Choose the element j/12 so that: 

^3(2/12) = /3i?72$^ + ^2C/|^5 + MUsU^ + piUl^s + p5Ulyl+ 

+ PeUliU^ys + Uave) + p7U2Us{U2y6 + Usyi). 

Let us apply the operation S% to this equality, we have: S%yi2 = mod {2y/C), 
so = /32C^2 ■ Hence: /32 = mod 2. Let us apply the operation 5*4.4. From 
the condition 54,42/12 = mod (2?/4), we obtain = /3i?7| + /^eC^I- Hence, 
/3i = P% mod 2. Let us act by the operation -52,2,2,2 on our equality, we have: 
^'2,2,2, 22/12 = 2/4 mod (22/4)- Hence, we have: ^3(2/4) = t^l = A^^l + /^4C/2 + 
/^s?/! + /SeC^I • So: /3i + /34 + /Ss + /Sg = 1 mod 2. Let us apply the operation 
5*6, thou we have: 5*62/12 = 2/6 mod {^y^). So it will be: dz{ye) = C^l^s = 
(/33 + ft; + ,S7)?7|[/3, hence, ft + ft, + /^y = 1 mod 2. Let us apply the 
operation 53,3, then we obtain: 53.32/12 = 2/6 mod (22/6)- Hence, wc have: 
(^3(2/6) = U^Uz = PsUiUs + I34U^^3. So, ^3 = 1 mod 2. Let us apply the 
operation S2.2.2, then we obtain: 5*2, 2, 22/12 = 2/6 mod (2j/e), and so ^3(2/6) = 
[/|[/3 = PiUiUs + PeU^Us. Hence, ^ + = 1 mod 2. Let us act by the 
operation ^2,2 on our equality. From the relation 5*2,22/12 = J/s mod (22/3) we 
get: 

dsiys) = U2UI = AC/2C/I + ;7|$3 + /34/7|«'3 + /34C/2C/I + /?7f/2C/3'- 

Hence, /34 = 1 mod 2, ^1 = fij mod 2. So, /3i,/35,/36,/37 = mod 2. Finally 
we obtain: 

d^{yx2) = U2UiUi + Ul^^. 

34. There is a formula in the MASS: h% = a^e^ + 010764 + afeio. Hence in 
the Adams-Novikov spectral sequence we have a relation: 

zl = {l + 2pr)zlys + (1 + 2/32)^1^72/4 + (1 + 2/33)^1 (2/1*0 + 2/42/6) + ^Is- 

Here G F^{e''/''), ^3(^18) - 0. 

35. In the MASS there is the relation: hobi2 = aittn +0403. Hence, we can 
change the choice of z\2, not changing the properties, to satisfy the relation: 

2212 = 21^11 + 32:4^8 + Xj^iyri, z^zTi, zjzs), 

where X|g e F^'{E2''^^), d^iX^f,) = 0, and the meaning of the symbol is the 
same as in the item 25. 

36. Consider the expression ?7iZi2- Because of the formula rf3(?7izi2) = 
C/f$6 and the equality in the MASS: Wi(6i2 + a2Cio + 0464), it is possible to 
change the choice of ^;i2, conserving its properties to satisfy the relation: 

?7i2;i2 = $6-21 + /3l?7i2;42:8- 

From the relation of the item 35 it follows that 572;i2 = mod {2ziZi), hence 
applying the operation 5*7, we arrive to relation: /3i = mod 2. So, 

J7i2:i2 = $6-21- 

37. Let us consider the expression [/22/11- From the action of rfs : dy,{U 2y 11) = 
UiU2^5 and the relation in the MASS: U2(&ii + asCe) = ^sZs, it follows that 
the equality is fulfilled: 



U2yil = $5-Z3 + >49(ft), 
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where I49 G F^iE^''^^) and ^3(149) = 0. Multiplying this expression by Ui, and 
using the relations: Uiyu = $52:2 and U1Z3 = U2Z2, we obtain: Y4QU1 = 0, that 
gives after the consideration the relations /3i = mod 2 for all i. Hence, 

U2yii = ^5Za- 

38. Let us consider the expression U2Z11. From the condition cJ3([/2-2ii) = 
U1U2U3U4 and relation in the MASS: U2aii = wsOg = ■W4O5 it follows that: 

U2Z11 = U3Z9 + 149(A), U3ZQ = U4Z5 + Y{/3^). 

where Y{/3i) has the same sense as in the item 36. Multiplying both last relations 
by Ui and using the equalities: 

C/lZll = U3ZS = U4Z4, UiZg = U2ZS, U1Z5 = U2Z4, 

we obtain that in both relations coefficients ft = mod 2. Hence, 

£^22^11 = UsZg = U4Z5. 

39. Let us consider the expression Usyg. Because of the formula dsiU^yQ) = 
C/iC/|$3 and the equality in the MASS: 11369 = (fisar wc get the relation: Usyg = 
^szr + l49(/3i), where Y{l3i) has the same sense as in the item 37. Multiply this 
expression by f/i and use the relations Uiyg = ^^Zi and UiZy = U3Z4. We have 
for all ft: ft = mod 2. The final relation is the following: 

Usyg = ^3Z7. 

40. From the relation in the MASS U2(aieio + aseg + 0764) = the 
relation in the Adams-Novikov spectral sequence follows: 

U2{ziyiQ + zays + ziyiye, + 2:72/4) = ^3^7 + ft t^22;i-2io + P2U2Z2ZQ+ 

+ p3U2Z2y9 + ftC/2-23(-22y6 + ZiUi) + ^TgCft)- 

In this expression F(ft) e F^^eI'"^^) denotes a linear combination of various 
generators of the given cell of the Adams-Novikov spectral sequence such that 
the filtration of these generators is not less than 4 and there do not participate 
the monomials that are already mentioned. Here we consider all coefficients ft 
with 5 < i < 37. Let us multiply this expression by Ui and use the relation 
of the item 26. We obtain: ft, ft, ft, ft = 1 mod 2, ft = mod 2 for all 
5 < i < 37. So, wc get the relation: 

^syr = U2{zi{ylo + zio + 2/42/6) + 22(2/9 + 29) + 23(2/8 + 2/6^2 + 2/424) + 272/4). 

41. Let us choose the element fli € E\''^^ so that 7rQ(f7i) = cji. For any cycle 
X of the differential ^3, lying in E^^^ = E^'"^^ of the Adams-Novikov spectral 
sequence, there exists an element x G ^^(£^2'^^) such that: ^3(2;) = x. Hence, 
the element fli can be chosen in such a way that d^irii) = 0. Because in the 
term El'* of the Adams-Novikov spectral sequence for all s > 4 the cells E^''^^ 
consist of zeros all higher differentials map the element f^i to zero. Hence, f2i 
lives to infinity and define an indecomposable element Qi G MSp4g. All the 
cells El'*^ of the Adams-Novikov spectral sequence for s > 1 consist of zeros, so 
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there is no extension problem for the cell -B^ . Hence, the order of the element 
fli £ MSp4s is equal to two. 

42. There is the relation in the MASS 

■UiWi = M2((/?6 + M2C10 + 1*464) + M3(</55 + U^Cq) + U4IP3. 

Hence it is possible to choose Qi in such a way that the equality is satisfied: 
UiQi = U2^e + f/3*5 + U4^3 + U^yw + Uiye+ 

+ ^lUlzl + ^2f/|^32/7 + U2Usyl 

Let us apply the operation Ss^s to this equality. Then we get the relation: 

UiSs^^fli = C/|53^3j/io + Uiye + /?if/|z| (because of relation C/1Z5 = C/3Z2 wc 
have S3Z5 = Z2 mod {2z2,2zi), and because of relation Uiyr = ^3Z2 we have 
S'3,3j/7 = mod (2^!i)). So, Ss^sy 10 = a z^ + Z4 mod {2z^,2z4,2zfz2, Z1Z3, zf). 
Let us choose fli so that S^.^ili = (rt/izf mod (?7iz^z|, t/iz^). Then we have 
/3i = mod 2. Let us apply the operation ^5: S^yr = Z2 mod (22:2, zf) (corol- 
lary of the condition Uiyr = $2-22), S'syio = 7-^2-23 mod (22:2^3), S^y^ = 
mod (2zi). We obtain: C/i^sOi = U1U4 + UiU2{j + [i2)zl. Choose fii so that 
S^Ui = Ui + 1U2ZI mod {U22zl). Then ft = mod 2. Wc have: 

C/ifii = U2^6 + i73$5 + t^4*3 + f/|yio + t^lye + U2Uiyl. 

43. We choose an element zi^ G Ej'^^ to satisfy the relation: 772(2:13) = 013. 
Prom the condition 

Sq{zis + any element of this dimension not equal to 2:13) = Zi + decomposables 

we obtain: d3(2;i3) ^ 0, ^3(2:13 + . . .) 7^ 0. It is possible to choose 2:13 so that 

^3(^13) = Ulni + /?iC/iC/2$6 + /32C/iC/3$5 + PiUiUi^s + kUiU2U^yl+ 
+ PeUfyl + /37UiUs{U2y8 + Usye) + PsUiU2{U2yio + Usy8)+ 
+ pi9U^{Uiyi2 + U2Z11 + Uays) + p2oUfyi{Um + U2Z3)+ 
+ p9Ul{Ui{ylo + yw) + Uiiya + zg)) + PwU^iUiyw + ^73^?)+ 

+ l3iiU2U3{U2y8 + U2Z7) + (3uUi{Uiye + U3Z3)+ 
+ l3i3U3<i>3{Uiy4 + U2Z3) + l3i4U2^3(Uiye + 1/3^3)+ 

+ l3l5U2U4{Uiy4 + U2Z3) + l3l(>Ui^3{U2yG + U3y4) + 
+ l3l7UiU2{U2{y*io + Vio) + *3?y6 + C/42/4) + 

+ PisUUUiyeyA + U2{y&Z3 + y4Zz))+ 

+ l32lU^{Uiy8y4 + U2y8Z3 + U3y4Z5). 

Applying the operation S12 and having in mind that S'i22;i3 = mod (22i), 
Si2^i = 0, we obtain the relation: /^ig = mod 2. Using the operation 56,6 
and relations 5*6.6^13 = mod (2zi), Sq^qQi = 0, we get: (3q = mod 2. 
Let us consider the action of the operation 5*2,2,2,2,2,2 • There are relations: 
^'2,2,2, 2,2, 2^13 = mod (22;i), ^2,2, 2,2, 2,2^1 = 0, hence, ^20 = mod 2. Now 
we apply the operation ^n. Because of the formulae S11Z13 = Z2 mod (2z2, zf), 
S'lifii = Ui, we have the relation: ^3(^2) = (1 + /3i)UlU2 = UIU2, or, (3i = 
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mod 2. Let us use the operation Siq. Because of relations: S'lo^ia = 
mod {2z3,ZiZ2,2zf), SiqQi = mod (Uizf), we obtain that (3s + (3g + /3io + 
^17 = mod 2. Let us consider the action of the operation 55,5 on our equahty. 
We have 5*5.5213 = mod {2z3, ziZ2,2zf) and S^.^^li = mod (Uizf). This 
gives the relation: (3s + (3io = mod 2. Using the relations: SqZis = Z4 
mod {2z4,ZiZ3,2y4,Z2,2ziZ2,Zi) and Sgfli = U3 mod (f72-2i), and applying 
the operation 6*9 to the equality under the consideration we get the following: 
^3(2:4) = (1 + (32)UlU3 = U1U3, so, (32 = mod 2. Let us consider the action 
of the operation 54,4, we have: 

54,42:13 = mod (22:5, Z1Z4, Z2Z3, 2zlz3, 2zizl, 2zl, 2ziy4, 22^22), 
54,4^21=0 mod {Uizf,Uiz^). 

It follows from these relations that: 

P4U1U2U3 + (37UiU2U3 + PSU1U2U3 + P11U1U2U3 + (32iUl{Um + U2Z3) = 0. 

Hence, (32i = mod 2, (34 + (3t + (3$ + = mod 2. Let us apply the 
operation S2,2,2,2- We obtain the following equalities: 

5'2,2,2,22:i3 = mod (2z5, Z1Z4, Z2Z3, 2zlz3, 2ziZ2, 2zl, 2ziy4, 2zfz2), 
5'2,2,2,2f^i = mod {Uizl U2zl). 

From these conditions it follows that: P5U1U2U3 + i37UiU2U3 + i3i4UiU2U3 = 0. 
Hence, ^5 + (3r + (3i4 = mod 2. Let us consider the action of the operation 
St, we have: 

S7Z\3 = zq mod {2z6, 2yQ, Z1Z5, Z2Z4, Z3, 2z\z4, zlz^, z\z3, zf, 2z\y4, 

2ziZ2Z3,2z2y4,2zfz2), 

Srfli = $3 mod {U3ZI U2zl, U2zf). 

Hence, ^3(^6) = f/f $3 = {l+(34)Ufcl^3+{l3w+MUiU2{Um+U2Z3). So, (34 = 
mod 2, /3i5 + (3iY = mod 2. Let us apply the operation Se- There are the 

following relations: S'6-Zi3 = mod {2zr, 2^7, ), SqQi = mod {Uizf, ). 

It follows from these conditions: 

p7UiUi + PgUiiUm + U2Z3) + P12U1UI + /3i4C/i[/2$3+ 
+PuUl{Uiy4 + U2Z3) + Pl6UlU2^3 + Pl7UlU2^3 + 

+PuUiiUiy4 + U2Z3) = mod {Uizl, ....). 

So, we have the following: (37 + (3i2 = mod 2, (3x4 + (3i6 + (3i7 = mod 2, 
(39 + (3i5 + (3is = mod 2. From these and previous relations it follows 
that (3is = mod 2. Applying 52,2,2 and using the relations: 52, 2, 22^13 = 
mod (2z7, 2j/7, . . .), 5*2,2,2^^1 = mod ((C/izf , . . .), we obtain: 

= (/37 + /3l2 + Pl3)UlUl + (/3i3 + /3l4 + /3l5 + MUiU2<^3 + 

+ {(39 + (iw + /3ii + /3i2 + /3i3 + PuWiiUm + U2Z3). 

Hence, (3g + (3io + (3n + (3i2 + /3i3 + ^14 = mod 2, (3i3 + (3i4 + /3i5 + ^le = 
mod 2, (^7 + (3i2 + (3i3 = mod 2. From these and previous conditions it follows 
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that: /3i3 = mod 2, /3i6 = mod 2. From the action of the operation 152,2: 
S2,2Zi3 = mod {F^E^'^'^), 82,2^1 = mod {F^eI'^'^), we have: 

iPs + Pi7)UiU2{U2y6 + UsVi) + (/3io + P12 + PuWHUiye + U3Z3)+ 

+ {Pll + Pli)U2U3{Um + U2Z3) + {Pl5 + Pl7)UlU2Ui = mod {{Uizf,...). 

Hence, /Jg + /3i7 = Pw + P12 + Pu = + /3i4 mod 2, /3i5 = /3i7 mod 2. 
From this relation and from previous ones we obtain: /3i2 = /^r = mod 2, 
/3io = j3ii mod 2, /35 = /3i4 mod 2. Finally using the operation ^i, 1,1,1 and 
relations: 51,1,1,1^13 = ziyl mod {F'^eI'^^), ^1,1,1,1^1 = U^yl mod (f'^eI'^^) 
we obtain: 

^3(^1^4) = Ufyl = (1 + /35 + /38 + ^9 + /3io + /3i7)?7fy4+ 

+ (^8 + Pn)UiU2{U2y6 + UsyA) + (/^g + Pw)U^{Uiy^ + C/3^3)+ 
+ + l3i5)U2U3{Um + U2Z3) + iPio + l3n)Ui{Um+ 

+ U2Z7) mod (f 2£;l,35^_ 

Hence, fS^ + I3s + (Sg + pw + /?17 = mod 2, /^g + /3i7 = 09 + Pio = Pii + P15 
mod 2, ^10 = Bii mod 2. From the previous equalities we determine step by 
step the meanings of the rest Pi. All of them are nonzero. So, we have: 

4(^13) = uin^. 

44. An element yis € £2'^^ we choose so that 7r|(yi3) = 613. From the 
condition: 

Seiy 13 + any element of this dimension non-equal to 2/13) = yg + . . . 
it follows that (^3(2/13) 7^ 0, ^3(1/13 + . . .) ^ 0. Hence we can choose 1/13 so that: 

rf3(yi3) = UiU4^3 + PlUlU2^e + p2UiU3^5 + p3Ulfll + ..., 

where the dots denote summands starting with the coefficient P5 as in the 

item 43. Using the same operations as in the item 42, we get analogous relations 
for the coefficients Pi excluding the following relations. Using the operation 
gives the relation: Pi = P3 mod 2, the operation 5io gives in addition to the 
equality of the item 43: Pi = P2 mod 2. As a result of the action of the rest 
of the operations there will be the same values a in the item 43. The same way 
we get: 

4(yi3) = UiU4^3. 

45. An element yl^ e £^2'^^ choose so that 7r2(yi3) = /13 + asCg + 03010- 
From the condition: 

Ss{yi3 + element of this dimension non-equal to j/13) = Z5 + . . . 

we get, that (is (2/13) ^ 0, d3{yl^ + . . .) 7^ 0. Considerations analogous to those 
given in the items 42 and 43, show that it is possible to choose the element yl^, 
so that the equality is fulfilled: 

d3{yl3) = UlU2^6. 
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The results of the calculations arc given in Tables 15 - 17. In Table 17 the 
action of the differential ds is given for the generators of dimension not bigger 
than 52 in the term £^3 ~ ~ Ext a (-BP* (MSp), BP*) of the Adams-Novikov 
spectral sequence for the spectrum MSp, and in Table 16 there arc given relation 
between generators in the given dimensions (part of the " integer" are given only 
modulo filtration corresponding to the MASS), which continue the analogous 
Table from the work [41]. Vertical lines in Table 15 denote the multiplication 
by the element Ui in the term E2. Because of the fact nt,{MSp) (8) Z^^^ = 
Z(p)[2:i, . . . ,Zk,- ■ ■] for all p > 2, Tables 15 - 17 describe the structure of the 
initial term and the action of the differential ^3 in the integer case of the Adams- 
Novikov spectral sequence. In this case we mast consider that the zero line 
consists of free abelian groups and not of free Z(2)-modules. From Tables 15 
and 17 it is possible to see that in the considering dimensions E4 ~ Eco and the 
extension problem from E^o to ^^.{MSp) is trivial. So, we get a description of 
the symplectic cobordism ring (not complete because not all the relation among 
"free" generators are known) up to dimension 52. Table 18 describes the ring 
TT^iMSp) as a subring of ExtAU{MU*{MSp), MU*). To diminish the volume 
there is a familiarity in description which we hope does not lead to ambiguity, 
for example, many evident relations are not shown. 

3.2 Computations of the action of the differen- 
tial of the Adams-Novikov spectral se- 
quence 

The aim of the present section is a calculation of the differential ^3 on the 

generators 1/26, J/26 ^ £'2'"'^''^ of the Adams-Novikov spectral sequence modulo 9i 
and elements having ^-filtration (corresponding to MASS) strictly greater than 
zero. El'* ^ Ext a (-BP* (M5p), BP*), A = A^^. These spectral sequences were 
described in particular in the works of the second author [40, 41, 42, 43]. The 
term Eoo of the MASS up to dimension 106 is described in Chapter 2, and the 
action of Landweber-Novikov operations on the generators Cj of the MASS is 
described in Chapter 1. 

1. All subsequent calculations are done modulo 2, and images of the differen- 
tial ds are expressions considered modulo triple products which either contain 
6*1, or have P-filtration (corresponding to MASS) strictly greater than zero. 
The scheme of the calculations will be the same for all dimensions: we write 
down an image of the differential ^3 on a given element as a linear combination 
of generators in given dimension with unknown coefficients. Applying subse- 
quently various Landweber-Novikov operations we define all the coefficients. 
All notations dealing with dimensions less than 32 coincide with the notations 
of mentioned works of the second author. The only exclusions are the changes: 
Vi by Ui and C2i-i by h^. This is true for notations in MASS, in the Adams- 
Novikov spectral sequence as well as in the symplectic cobordism ring MSpt,. 
By 7rQ(.T) we denote the projection of an clement x G E^'* of the Adams-Novikov 
spectral sequence into the term E^o of the MASS. 

Remark 3.1. Our notation ye corresponds to zq from the works of the second 
author. 
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2. Choose elements yio,ylo ^ -^2'*° so that 7ro(?/io) = cio, ttqCj/^o) = Cio + 
C5 + c|c6 and also that: 

dsivio) = l3iUlU4 + MUs^s + psUi + jiiUW (3-1) 

In the analogous equality for yjfg, ft are changed by To determine coefBcients 
ft let us use Landweber-Novikov operations S^. 



Table 3.1: Calculation of the action of differential rfs on yio, y*o 



Operation 






So, on 


Relation among 




Vj 


on 


the right part 


the elements ft. 






Vj 


of the formula (3.1) 






Vio 





(ft + ft)C/| 


/3i + ft = 


Se 


Vio 


Vi 


C/|(ft*+ft*) 


ft* + ft* = 1 


^3.3 


Vio 





ftc^i 


ft = 


^3,3 


Vio 




mi 


ft* = l 


82,2,2 


Vio 






ft = l 


S2.2.2 


Vio 


Va 




ft; = i 


Sa 


Vio 





ftt/|C/3 


ft = 


S4 







(l + ft*)C/|t/3 


ft* = i 



It follows from this table that 

d^iVw) = UIU4 + U2U3^3 + Ul 

d3{yw) = ul 

3. Choose an element 2/12 G i?2'^^ so that 7r§(?;i2) = C12 and also that: 

^3(2/12) = ftC/|$5 + P2U2U3U4 + ftC/|$3 + ftC/2$i+ 

+ ftC/|T5 + ftC/|2/4- (3-2) 
To determine the coefficients ft we use operations S^- 



Table 3.2: Calculation of the action of the differential on yi2 



Operation 




on 
% 


Suj on 
the right part 

of the formula (3.2) 


Relation among 
the elements ft 


Sh 


yi2 







01 = 


S'l.i 


yv2 







h = 


Se 


yi2 


ye 


(ft +ft)C/|C^3 


ft + = 1 


S3, 3 


yi2 


ye 


ftc/^c/3 


ft = 1 


^'2,2,2,2 


yi2 


2/4 


(ft + ft)c/| 


ft+ft = 1 


54 


yi2 


yi 


(ft + l)U2U-i 


ft = 1 



Solving the system of equations on the coefficients ft we come to the formula: 

^3(2/12) = C/2C/3C/4 + ?7|*3. 
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4. Choose an element j/14 G £2'^^ so that 7ro(yi4) = C14 and also that: 

dsiVli) = PlUl^e + ^2U2U3^5 + p3U2^3Ui + p4UiUi + 

+ 05U3^l + PeUlr; + prUlT3 + PsU2^3T3 + /Sgf/lt^syi (3.3) 
To determine the coefficients j3i we again use operations S^. 



Table 3.3: Calculation of the action of the differential ^3 on yu 



Operation 






on 


Relation among 




Vj 


on 


of the right part 


the elements /3j 






Vj 


of the formula (3.3) 




Sio 


Via 


Va 


(A+/36)C/| 


/3l+06 = l 


S5.5 


Via 


VA 




Pi = 1 


Sa 


Via 





(/3l+/32)t/^t/3 


/32 = 1 


'S'4,4 


Via 





{P2+P3+P5)U-^U3 


/33 + /35 = l 


^6 


Via 


ys 


(/33 + /38 + l)f/|*3 + 


/33 + /?8 = 1 








+ (l + /?4 + /37)C/2C/| 


^4^7 = 


'S'3,3 


Via 





(l + /33)?7^$3 + 


/33 = l,/34 = 








+0AU2UI 




^2 


Via 


J/42/8 


+ PsUivi 


/59 = 



Solving the system of equations on the coefficients /3i we come to the formula: 

d3{yiA) = C/2$6 + C/2C/3$5 + U2^3Ua- 

5. Let us choose j/ig G i?2'^* so that 7rQ(j/ig) = c| and also that: 

C;3(yi6) = /3lC/|^7 + /32C/2C/3$6 + /33C/2$3*5 + /34(7|$5 + /35t/2(7| + 

+ /3llC/2C/4(C/2y6 + C/3y4) + Pl2U2Ulyl + /3l3C/|y| + /3l4C/2*3y4 + 

+ P&U3^3Ua + /37*i + P&U2U3{U2{yw + y*w) + ^sVe + C^42/4)+ (3.4) 
+ ^9C^3$3(C/22/6 + UsVa) + l3wUl{U2y6 + UsVa)- 

To determine the coefficients /3, we again use operations S^,- 



Table 3.4: Calculation of the action of the differential ^3 on yig 



Operation 




"Scij 


S'oj on 


Relation among 


Su 




on 


of the right part 


the elements 






2/j 


of the formula (3.4) 




S12 


IJUi 







01 = 


S'lO 


.';ii> 







02 = 0S 


'S'5,5 


2/16 





I32U-^U3 


02 = 


Se,6 


yi6 


2/4 


(/35 + /3ii + /3i3)«7| 


105 + /3ll +1013 = 1 


^'3,3,3,3 


2/16 


2/4 




05 = 1 


S'4,4, 4 


2/16 





W3 + 07)Ui 


03 = 07 


^8 


2/16 





p3U'i<i>3 + pAU2Ui 


/33 = 0,/34 = 
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ys 


(A + + PioW^ 


Pio = 1 


Se 


yi6 





(136 + I3q)U2Us^3 + 


/36 = /39,Ao = 

= 


S4 


yi6 







/3i4 = 


82,2 


yi6 


2/42/8 


U2n + Pi2U^yi 


/3i2 = 



Solving the linear system we obtain: 

daivie) = U2UI. 

6. Elements 2/i8,2/i8 € -^2'^^ choose so that 7ro(t/i8) = cig, T^oiyt^) = 
Cg + C2C14 + cKcio + C5) + Cg, and also that: 

(^3(2/18) = /3lC/|C^5 + 02U2U3^7 + p3U2^3^6 + p4U2U4^5 + 05Ui^6 + 

+ + ps^lU4 + p9Ui{U2yu + UaViVs + $3(2/10 + 2/w)+ 

+ *52/6 + *62/4) + /3lof^2*3(C^2(2/lO + y*io) + *32/6 + ?742/4) + 

+ piiUi{U2y6 + C/32/4) + (3i2Ul{U2{yio + 2/1*0) + ^3^6 + f/42/4)+ (3.5) 

+ A3C^3$3(t^22/8 + t^32/6) + /3l4C/2«'5 (t^22/6 + C^32/4) + 

+ piBUzU4{U2y& + c/32/4) + Pi&^l{U2y& + 1/32/4)+ 

+ /3i7C/|C/32/i + /3i8C/|C/42/I + /3i9C/2C/3$32/I + hoUlyl+ 

+ l32iUliU2y6 + Uzy4)yl + /36f73$3$5. 

In analogous equality for yjg, coefficients /Jj are changed by (3*). 
To determine the coefficients /3i we use operations 5a;. 



Table 3.5: Calculation of the action of the differential dz on y\Siy*s 



Operation 




on 

yj 


on 

of the right part 
of the formula (3.5) 


Relation among 
the elements (3i 




2/18 





(/3i+/39)C/| 


Pi = 09 




yh 


2/4 


(/3r+/39*)C/| 


0*1 +01 = 1 




2/18 





/3iC/| 


/3i =0 


57,7 


2/18 


2/4 


AC/| 


/3i = l 


5l2 


2/18 





/?2C/| 


02 =Q 


5l2 


2/^8 





(/3l*+/?2*)t/^C/3 


0*2=1 


56,6 


2/18 


2/6 


(;94 + /37 + /3l4 + /3l5 + 
+/3l7)t/|C/3 


04 + 07 + 014 + 015 + 

+017 = 1 


5g.6 


uIh 


276 


(,,'?* + ,5; + + + 

+ ^irf/jf^i 


Bl + 0i + + /?*- + 

+ .■'17 = 


53,3,3,3 


2/18 


2/6 




07 = 1 


53,3,3,3 


2/^8 





iP^ + l)C/|C/3 


0^ = 1 


5io 


2/18 





(/35+/3ll+A2)C/2?73 + 

+ (/33 + /3io)(7|<l>3 


05 + 011 +012 = 

03 = 010 


5io 


2/^8 


2/8 


(l+/35*+/3l*l+^l*2)C/2C/^ 

+(i+^3*+^ro)t^l*3 


0;+0*ll+0t2 = i 
0*3+0*10 = '^ 
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?yi8 







^5 = 511 

■i:>. = 


85,5 


2/1*8 


2/8 


(l + /35*+/3i*l)C/2f/^ + 

+(1 + l3S)Uo^3 


Pr, = 1^11 
/3* = 1 


Ss 


yis 







/34,/35,^6 = 


Ss 


if iO 





(B2 + 1)U'Wa + BtU'^+ 


/3J,5fi = 
/3| = 1 


S4 4 


2/18 


2/10 


(1 + /3ii)t/| + /58f72'^4+ 

+/3l3t/2t/3$3 + /3l4t/|T3 


/3ii,&,/3i3,/3i4 = 




Vis 


2/10 


(l + /3*i);73' + /3|J7^C4+ 

+/3l*3t^2t/3$3 + /3i*4C/|r3 


/3ll,/58,/3l3,/3l4 = 


^6 


2/18 





fil5U2U3U4 + l3ieU2<l>i + 

+Pi8Uiyl + p2iUiyl+ 
+P15U2U3T3 


/3i5,/3i6 =0 

^18 = ^21 


^6 


2/1*8 


2/42/8 


(3t5U2U3U4 + l3teU2<l>'i+ 
+PhUiyl + P*2iUiyl+ 

+Pt^U2U3T3 + U2^ 


/3i*5,/3i*6=0 

1^18 ~ P2I 


'S'3,3 


2/18 







/5l8 =0 


5'3,3 


2/18 


2/42/8 


PlsU^y'i + U2n 


/3i*8 = 


^4 


2/18 





PwU'iUsyi 


/3i9 =0 


5*4 


2/^8 





PhU'^U3yi 


/5l*9 = 


'S'2,2,2 


2/18 


2/42/8 


U2^ + P2oU^yi 


/320 =0 


'S'2,2,2 


2/1*8 





P*2oUNi 


/32*0 = 



Solving the linear system we get the following relations: 

d3{y*l8) = U3UI + UiU5 + [/2C/3$7 + C/2*3$6 + C/2C/4$5, 

d3(yi8) = U3Ui. 
7. Choose the element 2/20 so that 7ro(y2o) = C20 and so that: 

<^3(2/20) = /3lC/|$9 + P2U2U3U5 + /33C/2$3$7 + PiUiUi^e + 05U2^l + 

+ Pw^sUi + PiiU2U3[U2yii + Usvm + ^3(2/10 + yw)+ 

+ $5^6 + *62/4] + Pl2Ul[U2yi2 + ^3y8 + ^^4^6] + 

+ /3l3C/2C/4[C/2(yiO + 2/1*0) + ^'32/6 + C/42/4] + /3l4C/3$3[C/2(2/lO + 2/w) + 
+ $32/6 + C/42/4] + A5t^3*3[C/22/lO + C/32/8] + /3l6C/3C/4[J722/8 + 
+ C/32/6] + Pn^l[U2y8 + U3y6] + /3l8t^2$6[C/22/6+ (3.6) 
+ C/32/4] + /3l9C/3$5[C/22/6 + Usyi] + l320U4^3[U2y6 + C^32/4] + 

+ p2iU2[U2ye + U3yi][U2{yw + ylo) + $32/6 + Um]+ 

+ p22Ulyl + p23Ui^5yl + P2iUl^3yl + 

+ /325?72C/3f/42/| + /326t/2$32/4 + p27Ul<^3vl + 

+ l328Ul[U2y8 + C/32/6]2/4 + /529C/2C/I2/6 + f^soUiyl 
To determine the coefficients /?« we use operations 8^. 
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Table 3.6: Calculation of the action of the differential ^3 on t/20 



Operation 






on 


Relation among 






on 


of the right part 


the elements (3i 




% 


of the formula (3.6) 




Sie 


y2o 









5*14 


y2o 


ye 


(/32+Al)C/|C/3 


1 + 82 = 011 


87,7 


y2o 


ye 


/32C/^i73 


02 = 1 


S12 


y2o 


ys 


(l + /36 + /3l2)t^2«7^ + 

+/33C/|*3 


/36 = /3l2,^3 = 


•54,4,4 


y2o 


ys 


(/36 + /?8 + /3lO+^15 + 
+/3l6)f/2C/| + /39t^|*3 


{(36 + 108 + 010 + 015 + 
+/3i6) = 1,^9 = 




y2o 







05=0 


'S'4,4,4,4 


y2o 





(/39 + /3i7 + /322)C/| 


0g + /3i7 + 022 = 


^'3,3,3,3 


y2o 


ys 


U2U-i + (^4 + 

+/3io)f/|$3 


04 = 010 


'S'6,6 


y2o 





(/36 + /38 + /3l2 + ^16 + 
+/3i9 + ^29)C/2C/|+ 

+ (^4 + /3lO + A3 + 
+/3l8+/320 +/321 + 
/324)«7|*3 


06+08+ 016 + 019 + 
+012 +029 = 

^4 + /3lO + /5l3 + /5l8 + 
+020 + 021 = 024 




y2o 


yio+ 
+yio 


(l + /37 + /3l4 + /3l5)x 
x;72C/3$3 + (^4 + 

+Pi3)UiUi + peUi+ 

+ (/321+/3l8)t/|T3 


07 + 014 + 015 = 
04 +013 = 1 
06=0 
021 = 018 


'S'5,5 


y2o 


2/10+ 

+2/10 


(l + ^7 + A5)C/2C/3X 

+/Si8C/|t3 


07 + 015 = 
04 = 1 

018 = 


^8 


y2o 





/37C/;^$3 +/323C/^X 
xC/32/| + /3l9t^2C/3r3 + 

+/?8C/2[/3[/4 


07 = 0023 = 
019 = 008 = 


'S'4,4 


y2o 


2/12 


C/2C/3C/4 + /3l7t^2*3 + 

+i7|$3 + I320U2U3T3+ 

+Pl7Ut5 + /326C/|2/| 


017 = 020 
026 = 


^6 


y2o 


2/14 + 

+2/62/1 


[/|$6 + /32oC^2$3T3 + 
+ U2U3^5 + ^17C/3*^ + 

+ (/325 + /328)C/|C^327| + 
+ (l+/320)C/2$3t^4 


/3l7,/320 = 
025 + 028 = '^ 


5'3,3 


2/20 


2/14 + 
+2/62/4 


C/^$6 + /325t/^%2/4 + 
+ [/2[/3$5 + /72$3C/4 


025 = 1 


^4 


2/20 


ysvi 


(1 + p27)U2Uiyi 


027 = 



Finally applying the operation 52,2,2,2,2,2,2,2 to the equality (vi) we obtain 
= 03OU2, from where it follows ^30 = 0. Solving the linear system on the 
coefficients 0i we obtain: 

^3(2/20) = U2U3U5 + U2Ui^e + *3[/4 + U2U3U4yl 
8. Choose elements 2/22, 2/22 G -B^'^^ so that 770(2/22) = C22, 

7^0(2/22) = + C14(C4 + C2) + Cio(ci2 + C2C4 + C2) + C6(C2C| + Cg + cl), 
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and so that: 

+ /3ii$3f/4$5 + „5l2f/| + 013Ul[U2{yi8 + Vls) + $32/14 + £^42/42/8 + 

+ $5(2/10 + 2/1*0) + $72/6 + C^52/4] + ;3i4J72$3[C^22/l4 + [^3^42/8 + 

+ $3(2/10 + 2/1*0) + $52/6 + $62/4] + /?15t^|[C/32/l2 + $32/10 + C^42/8] + 

+ /3i6C^2J74[C/22/i2 + Usiyio + ylo)] + /3i7t/3$3[C/22/i2 + Usiyio + ylo)] + 

+ Pl8U2^5[U2{yw + y*w) + $32/6 + [^42/4] + /3l9J73C^4[C/22/lO + C^32/8] + 
+ /S2oC/3C/4[i72(2/10 + 2/1*0) + $32/6 + C^42/4] + /321$3 [t^22/10 + C/32/8] + 
+ /322$3[f^2(2/10 + Vw) + $32/6 + Um] + p23^3Ui[U2yw + C/32/8] (3.7) 
+ /324C/2$7[C^22/6 + Usyi] + fei73$6[C/22/6 + t^32/4] + /326$3$5[C^22/6 + 

+ t^:ijy4] + 027U^[U2y6 + U3y4] + 028U2[U2y& + U3y4\[U2yi2 + $32/8 + 

+ t^4y6] + 029U3[U2y6 + t^32/4] [?/22/io + Usys] + 03aU3[U2y6 + ^^32/4] X 

X [1/2(2/10 + 2/1*0) + $32/6 + C/42/4] + /331$3[C/22/6 + t^32/4] [J/22/8 + U3ye] + 
+ P32UlU3yl + fi33UlUiyl + /334[/2C/3$32/6 + /335C/I2/6 + /336C/| [1/2^6 + 

+ f/32/4] + /337C/|$62/4 + /338f/2J73$52/l + p39U2^3Uiyl + PmUiU4yl+ 
+ PiiU3^lyl + p42Ui[U2{yw + 2/1*0) + $32/6 + Uiyi]yl+ 
+ 043UlU3yt + p44Ul[U2ye + U3y4]yl 

For the image of the differential ^3 on the element y|2 there is analogous equality 
with the change of 0i on /?*). Let us determine the unknown coefhcients applying 
operations Sc^ to equality (vii). For almost all operations except 158,8) 'S'4,4,4,4, 
Ses, S4A and 5*2,2,2,2,2,2,2,2 their action on 2/22 and 1/22 same. Analogously 
the action of almost all operations except mentioned on the right part of the 
formula (vii). Because of this fact only the action of these operations on the 
element j/22 will be given in the Table and for the relations we give only for 
except the mentioned operations where two cases are given. 



Table 3.7: Calculation of the action of the differential ^3 on j/22 
and 2/I2 



Operation 


yj 


5a; 

on 

yj 


Su: on 
of the right part 
of the formula (3.7) 


Relation among 
the elements Pi 


SlH 


2/22 





(01 + 013)m 


01 = 013 


59,9 


IJ22 







Ji =0 


56,6,6 


2/22 


2/4 


[04 + 012 + /3l6 + 


/?4 + /3l2 +/^16 + 








+ 02A + ^28 + + 
+ 021 + 0M^'i 


+ 027 + ^28 + *!:S + 








+ '''2.1 + .^:!(> = 1 


5i6 


2/22 





02iJi 


02 = 


58,8 


2/22 





{02+05+09)U-iU3 


02+05+09 = 


58,8 


2/22 


2/6 


iP^ + PI + l3*s)U^U3 


0*2+01+0^ = 1 


57,7 


2/22 


2/8 


U2U-i + p3U-i^3 


03 = 


to be continued 
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'S'4,4,4,4 


V22 





(/32+/34+/37 + /39 + 

+ /3ifi + 0-17+ 

+/321+/323+/332)C/|C^3 


02 + 04 + 07 + 09+ 

+0-n +0-16 + 017+ 

+021 + 023 + 032 =0 


5'4,4,4,4 


V22 


ye 


{0-i+0l+0*T+0l + 

+ 0^^ + /3i*« + + 

+0*21 + 023 +0k)UlU3 


{0*^+01 + 0*7+0*^ + 
'yii ' yi6 ' r'VT' 

+/32*1+/?23+/332=1 


514 


y22 


ys 


{02+06)U2U'i + 
+ {03+014)Ul^3 


02=06 
03 = 014 


S12 


y22 


yio 


{0i + 0ie)U-^U4+ 

+ {02 + 03 + 07+ 
+017)U2U3^3 + 

+ i06 + 015)Ul + 
+ {024 +028)UiT3 


04 = 016 
02 + 03 = 
= 07 + 017 

06 = 015 
024 = 028 


J T 0000 

'-'3,3,3,3 


7 /on 




+ {016 + 027)UIt3 + 

+ui 


Ba = 1 
016 = 027 




V22 


yio+ 


{012 + 024 + 028+ 

+033)UlUi + {05 + 

+07 + 08 + 011 + 
+018 + 020 + 023 + 
+025 + 026 + 030 + 
+031 + 034)U2U3^3 + 

+ (Ba + Br,K)U^ + 

+ (/3l6+/324 + /327 + 
+028 + 036)UiT3 


012 + 024 + 028+ 

+033 = 1,05 + 

+07 + 0S+ 011 + 

+018 + 020 + 023+ 

+025 + 026 + 030 + 

+031 +034 = 1 

Ba = BtK 
H9 — y35 

016 + 024 + 027+ 

+028 + 036 = 




V22 


yio+ 

+2/1*0 


(/3l*2 + ^2*4 + /32*8 + 

+0h)uiUi + {0?^+ 

+0*r + 0;+0li+ 

+^l*8 + ^2*0 + /32*3 + 

^:"25 ^ '^26 ' -"30^ 
+/33*l+/33*4)C^2C/3$3 + 
+ (^9*+^35 + l)C^I + 
+ (/3l*6+/^24 + /3|7 + 
+/328 +/53*6)C^|t3 


^r2 + ^2*4 + /32*8 + 

+0*^^ = 1,01 + 

+0*7 + 0*s + 0t,+ 
+/3l*8 + ^2*0 + ^2*3 + 

^P25 ^ P26 ' -"30 ' 

+03i+0k = i 
09 = 0k + 1 

ft*6 + /?24 + /?27 + 
+028 +0k = O 


84,4,4 


y22 


yio 


(^4 + ^5+A0 + 

xUiU4 + {04 + 0ir+ 

+023)U2U3^3 + 

+ (/3i9 + l)Ul + {01S+ 

+022 + 024 + 026 + 
+037)UIt3 


04 + 05 + 010+ 

^19 =0 
0i + 017 + 023 =0 

018 + 022 + 024 + 
+026 + 037 = 




y22 


yi2 


[04 + 016 + 019 + 
+020 + l)f/2C/3t/4 + 
+ {07 + l + 0n)Ul^3 + 
+ {05 + 018)Ui^5 + 
+ U2^l{01O + 021 + 
+022) + {024 + 025+ 


04 + 016 + 019 + 
+020 = 
07 = 017 
05 = 018 
010 + 021 +022 = 
024 + 025 + 029+ 


to be continued 
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+ 529 + ft50)r/2r/:5r3 + 
+ (,.i:!7 + 5i2)L^//l 


+ 5:50 = 
5:s7 = 








+ Ui^3 + p5Ui^5 + 
+ (/3lO + ^2l)C/2$i + 
+ {P25 + /329)C/2C/3T3 + 
+/337C/I2/4 + 


/Br =0 

019 = 
010 = 021 

037 ^0 

025 = 029 


^8 


2/22 





/35C/|$6 + (Al + 

+/34)(72!74$3 + (/37 + 

+ B-in)U-i^o + BrX 
~ H W 0^3 ~ Ho ^ 

xC/2C/3*5+/3l8C/2S* + 

+ (,524 + B26)U2^3T3 + 

+ (B:„ + B,s)UHhyl + 
+ 525 ^hi + 


011 = 04 

018 = 

Bm = B7 
HIO Hi 

024 = 026 

037 = 038 

Br-, = 
,...)'(, = 0„J25 = 


84,4 


2/22 





(3ioU^^e+'02iU'^T7+ 
{/Br + p2i)U3<i>l+ 

+/323U2U4^3 + 

+/37U2U3^5 + 
+/323U2U3T5 + 

+p4iUlU3yl+ 

+/33iU2'i>3T3 


07 = 041 
031=0 




2/22 


2/16 + 

+2/62/10 


(/34 + /324)C/|$7 + 
+ {025 + 1)U2U3^6 + 

+ t72*3$5(/3ll +/326) + 
'\-^ 1 h27 ^ h4}^2^ 4\ 
+U3^3U4{l + 07+ 

+011+ 023) + 5 + 

+/3io$i+/33ot^2C/3rf + 

+/3l6[/|r9*+^28?7|^9 + 

+/333f/|2/6 + t^2?74T3X 

^ V/^^Id ^ /-'24 Mis y 
+^23C^2*3r5 + (^17+ 

+,,526 + /330)C/3$3T3 + 
+ (/340 + /344)C/2i7|2/| + 

+039Ul^3yi 

-4- /Soo TJr>T'7 


04 + 024 = 
= 011 + 026 = 
= 016 = 039 

040 + 044 = 1 

017 + 026 + 
+030 = 010 
033 = 
028 = 


83,3 


2/22 


2/16 + 

+2/62/10 


U2U3<^6 + U'^<i>5 + 
+ U3^3U4 + 01oH + 

+023 U2<^3T5 + 
+017U3<^3T3 + 

+ + 04oU2Uhl 

+ U2UI 


040 = 1 


S4 


2/22 


2/102/4 


07{U2U3^7 + 

+C/3$3*5) + Ulyl+ 

+0W^U4 + 

+ B23iU2Ui + 
+ lh'i':i)Tr,+ 


07 = 
017 = 

010 = 

523 = 


to be continued 
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/3l7«72«73T9* 





Applying the operation S'2,2,2,2,2,2,2,2 to the considering equahty we get the 
relation: 1343U2U3 = 0, or /343 = 0. Applying the operation S'3,3,3,3,3,3 we get 
the relation: ^37/4 = P12U2, or P12 = 1. Solving the corresponding linear system 
we have: 

d3{y22) = UiU^ + UsUi^e + Ul + UlU^yl 
dsivh) = UiUs + UsU^^e + + UlU^yl + Us^l 

9. Choose elements 2/26,2/26 G £^2'^°'' so that 7rg(2/26) = C26 + cioc|, 7r^(2/26) = 
Ci3 + C2C11 + cicg + cfcg and also such that: 

(i3(2/26) = /3l«7|$i2 + /32C/2?73*11 + /33C/2«'3$10 + PaU^'^io + /35C/2C/4*9 + 
+ /36?73$3$9 + 07U2^5U5 + P8U3U4U5 + /^g^gC/s + ^lot^2$6*7+ 
+ /3llC/3*5^7 + /3l2$3C/4$7 + AsC^S^e + /3l4$3^5^6 + /3l5?7|$6 + 
+ /3i6C/4$5 + /3l7C^2$3[C/2(2/18 + Vu) + ^32/14 + UiVAVS + ^5(2/10 + 
+ Vw) + ^72/6 + £^5^4] + /9i9C/|[C/2(2/18 + y^s) + *3yi4 + [^42/42/8 + 

+ ^5(2/10 + y*io) + *72/6 + UzVa] + AbC^I [C/22/18 + C/32/l6] + 

+ /320C/2$5[C^22/14 + 1^32/42/8 + ^siVlO + Vlo) + *52/6 + *62/4] + 

+ /32lC^3^'3[C^2(2/l02/6 + VrvI) + C^32/14] + ;322?73C^4[t^32/l2 + $32/10 + 

+ C^42/8] + /323t/3C^4[C^22/l4 + t/32/42/8 + *3(2/lO + 2/lo) + $52/6 + $62/4] + 

+ /324C/3$6[C^22/10 + C^32/8] + /325C^3$6[C^2(2/10 + 2/lo) + $32/6 + 

+ U42/4] + /326$3$5[C^22/10 + UsVs] + /327$3$5[t^2(2/10 + 2/]"o) + 

+ $32/6 + ;742/4] + p2&Ul[U2yw + C/32/8] + /529C^|[t^2(2/10 + 2/l*o) + 

+ $32/6 + Uiyi] + /330$3$6[t^22/8 + U^y^] + /33lt^4$5[t^22/8 + f^32/6] + 

+ /332C/2$9[C/22/6 + U^yi] + /333t^3t^5[C/22/6 + U^yi] + /334[/4$6[t/22/6 + 

+ [^32/4] + ^35C^2[t^22/6 + t^32/4][t^22/l6 + t^3(2/l4 + 2/42/10 + 2/6(2/8 + 2/1)) + 

+ $32/12 + £^4(2/10 + 2/10)] + P3&U2{U2y8 + C/32/6)[C^22/l4 + t/32/42/8 + 

+ $3(2/10 + 2/10) + $52/6 + $62/4] + /337t^2[C/22/10 + t^32/8][C^22/12 + 

+ [^3(2/10 + y*w)] + /938?72[C/2(2/10 + 2/1*0) + $32/6 + C/42/4] [[^22/12 + 

+ UsiyiO + y^o)] + /339f/3[f/2?y6 + t/32y4][?732/l2 + $32/10 + Uiys\ + 

+ /340C/3[?722/6 + C/32/4][C/22/l4 + t/32/42/8 + $3(2yiO + ylu) + $52/6 + 

+ $62/4] + /34lC/3[t^22/8 + 1/32/6] [1^22712 + $32/8 + t^42/6]+ (3.8) 

+ /342«73[C/22/8 + C/32/6][C/22/l2 + U^iyiO + 2/1*0)] + /943$3[C/22/6 + C/32/4]x 

X [C/22/12 + $32/8 + C42/6] + /344$3[t/22/6 + Usyi][U2yi2 + [^3(2/10 + 

+ Vlo)] + /345$3[C/22/8 + C/32/6][C/22/io + U^y^] + /346 $3[C/2(2/io + y*w)+ 

+ $32/6 + t/42/4][?722/8 + f/32/6] + /347C/4[t/22y6 + t/32y4] [f/22yiO + ?732/8] + 
+ ;348C/4[C/22/6 + C/32/4] [C/2 (2/10 + 2/l*o) + $32/6 + [^42/4] + /349$5 [C/22/6 + 

+ t/32/4][t/32/8 + C/42/6] + /35oC/|C/32/?o + /S5iC/|C/3(2/i*o)' + k2U^Uiyl+ 

+ /353«72i73$32/| + PbiUlyl + /355C/|[C/22/6 + C/32/4]2/| + /356«72C/3$5y6 + 
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X [C/aye + Uayilyl + P63U^[U2y6 + U3y4] + PeAU^Usyjyl + Pe^U^UsX 
X ^4 + P&&U2Ui^^yl + pa^Ul^ayl + pa^iUz^i^^ + PmUzUlyl+ 
+ i37oUi[U2yi4 + Usy^ys + *3(yio + ylo) + ^5^6 + '^>6yi]yl+ 
+ p7iU2Us[U2yi2 + Usiyio + yw)]yl + /372C/2$3[C/2j/io + U3y8]yl+ 
+ 073U2^3[U2{yio + y*io) + ^32/6 + Uiyijyj + p7AUl[U2yw + Uzys\yl+ 
+ /375f/|[f/2(2/io + y*w) + $3^6 + Uiyi] + p76U2Ui[U2y8 + U3ye]yl+ 

+ p77U3^3[U2y8 + f/32/6]y| + ^78^72^5 [C^2y6 + C^32/4]y| + P79U3U4X 

X [f/22/6 + U3ys]yi + /38oUiU4yi + p8iU2U3^3yi + p82Uiyi + p83Uix 

X [U2ye + U3y4]yi + p84U2[U2y6 + U3y4][U2y8 + U3y6]yl + P85U2C1I 

To determine the coefficients l3i we use operations Si^ . Wlren tire actions of tlie 
operation Su, on 1/26 and y^e coincide ttien in tlie table this action is described 
only for y26- 

9. Choose elements 2/26,2/26 ^ £^2'^°"* so that 770(2/26) = C26 + C10C2, 7ro(j/26) = 
Ci3 + C2C11 + C4CI + Cgcl and also such that: 

(^3(2/26) = /3lC/2 $12 + P2U2Us^ll + /33C/2$3$10 + PaU^^IQ + P5U2U4^9 + 
+ /36C/3$3$9 + 07U2^5U5 + P^U^UiU^ + /Sg^lC/s + /3loC/2$6$7 + 
+ /3ll?/3'55*7 + /3l2'S3C/4*7 + /3l3C/3*6 + /3l4*3*5*6 + ,5l5C/|*6 + 

+ [3i&U4^l + (inU2^3[U2{yi8 + yls) + ^3^14 + J/42/42/8 + $5(2/10+ 

+ ylo) + $7^6 + t^52/4] + ,8l9;7|[f/2(2/18 + ^^8) + ^3^14 + [^2/4^8 + 

+ $5(2/10 + y*io) + ^rye + U5y4] + Pi8Ui[U2yi8 + t^32/i6]+ 

+ ^20f/2$5[t^22/14 + J732/42/8 + $3(2/10 + 2/lo) + $52/6 + $62/4] + 

+ /32lC^3$3[t^2(2/l02/6 + Vnyl) + f/3jyi4] + /322f/3t/4[t^32/l2 + $32/10 + 

+ C/4y8] + /323C/3C/4[?/22yi4 + J/32/42/8 + $3(2/10 + 2/to) + $52/6 + $62/4] + 

+ /324?/3$6[C/22/lO + C/32/8] + /325C/3$6[C/2(2/lO + 2/to) + $32/6 + 

+ C/42/4] + /326$3$5[C^22/10 + [^32/8] + /327$3$5 [£^2 (2/10 + ^1*0) + 

+ $32/6 + f/42/4] + /328C/'|[?722/10 + f/32/8] + /329f/| [1^2 (2/10 + 2/l*o) + 

+ $32/6 + f/42/4] + /330$3$6[t^22/8 + 1^32/6] + ,53if/4$5[f/22/8 + f/32/6] + 

+ ^32C/2$9[t^22/6 + f/32/4] + /333f/3C/5 [t^22/6 + 1^32/4] + /334f/4$6 [C^22/6 + 

+ f/32/4] + ^35f/2['/22/6 + f/32/4][f^22/l6 + C^3(2/l4 + 2/42/10 + 2/6(2/8 + 2/4)) + 

+ $32/12 + 1/4(2/10 + 2/l'o)] + k&U2{U2y8 + ?/32/6)[C/22/l4 + ^^32/42/8 + 

+ $3(2/10 + y^o) + $5^6 + $62/4] + li37U2[U2yw + [^32/8] [[^2^12 + 

+ J/3(2/lO + 2/1*0)] + /338J/2[C/2(2/lO + yi*o) + $32/6 + C/42/4] [C/22/12 + 

+ U3{yw + 2/jl'o)] + /339C/3[C/22/6 + C^S 2/4] [J/32/12 + $32/10 + f/42/8] + 

+ ^40t/3[C/2?y6 + C/32/4] [J/22/14 + J/32/42/8 + $3(2/10 + 2/5lo) + $52/6 + 

+ $62/4] + /34lJ/3[C/2?;8 + J/32/6] [i/22/12 + $32/8 + J/42/6]+ (3.9) 

+ /^42 J/3 [J/22/8 + J/32/6] [J/2yi2 + 1/3(2/10 + 2/to)] + ^43$3 [J/22/6 + C/32/4] X 

X [J/22/12 + $32/8 + J/4y6] + /344 $3[J/2y6 + J/3y4] [J/2yi2 + J/3(yio + 
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+ 2/1*0)] + /345*3[C^22/8 + U3ye][U2yw + Usys] + /346*3[f/2(?yiO + ?yi*o) + 

+ ^32/6 + U4y4][U2y8 + U^ye] + PA7U4[U2yQ + 1^32/4] [?/2yio + f/3?y8] + 
+ PiiiUi[U2y& + 1/3^4] [C/2(j/io + yw) + 3'3?y6 + U^yi] + Ag^s [1/22/6+ 
+ (732/4] [(732/8 + C/42/6] + l35oU^U,ylo + P^iUlUsiylof + k2UlUiyl+ 

+ /353C/2C/3*32/8' + P^iUlyl + k5Ui[U2y6 + Umlyl + /356(72C/3$52/6 + 

+ p57U2^sUiyl + pnsUlUiyl + ^59Ui[U2{yw + vto) + ^sVa + UiVi] x 
X 2/6 + p6oUlyt[U2yw + Uays] + p6iU2Us[U2y% + C/32/6] + /362C/2$3 x 
X [C/22/6 + U3yi]yl + p63Ui[U2y6 + U^yi] + PeiU^Usylyl + PesU^U^x 
X 2/4 + p66U2Ui^5yl + PerUl^eyl + pesUs^a^s + PmU3Ulyl+ 

+ /37o/7| [(722/14 + f/32/42/8 + $3(2/10 + 2/^0) + *52/6 + *62/4]2y4 + 

+ /37lC/2(73[C/22/l2 + (73(2A0 + 2yi*o)]2/4 + /372(72$3[(722/lO + (732/8]2/4 + 

+ ^73(72 $3[(72(2/l0 + 2/1*0) + ^'32/6 + C/42/4]2/4 + /574(7| [C/22/IO + 1^32/812/4 + 

+ /375(7| [1/2(2/10 + 2/1*0) + ^'32/6 + C/42/4] + /976C/2C/4 [(722/8 + (732/6]2/4 + 

+ /377(73 $3 [(722/8 + (732/6]2/4 + ;378C/23'5 [C/22/6 + C/32/4]2/4 + P79U3U4 X 
X [(722/6 + C/32/8]2/I + PsoUiU^yt + /38i(72(73$32/l + P82Ulyt + /383(7|x 
X [C/22/6 + Uayilyi + PsiU2[U2ye + C/32/4] [C/22/8 + Uayebl + /385C/2O?. 

To determine the coefficients Pi we use operations S^j. When the actions of the 
operation on y2e and 2/26 coincide then in the table this action is described 
only for 2/26. 
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Construction of the 
elements of order four in 

MSp^ 

3 103 3 103 

Let us show that that the product Ul^^Q.l € E2' — E^' Hves to infinity 
and not equal to zero in E^o of the Adams-Novikov spectral sequence. Each 
factor in this product is a nonzero infinite cycle. So, it is sufficient to prove that 
there is no element in E^'^^'^ — £'3'^°'* that kills [/i^yOi by the action of the 
differential ^3, because all higher differentials are equal to zero by the dimension 
arguments. 

From the conditions: Siz{Ui'^'jVti) = f/^fii and ^3(213) = Ul^i, Z13 has 
the F-filtration, corresponding to MASS equal to 2, operations Su: conserve this 
filtration, it follows that the killing element can't have the F-filtration greater 
than 2. If there exists an element X such that: X G F^{E°'^°^), X ^ F^{E°''^°^) 
and d3{X) = Ui^rfli, then for the projection x of this element in MASS there 
must be the relation S13X = uupjcoi and x £ E^^'^°^ in MASS. However from 
the description of the E^o it follows that there is no such an element in the 
given dimension. Hence the only possible candidate for killing of this product 
is a multiplicatively nondecomposable element of zero filtration in £2'^°'* of the 
Adams-Novikov spectral sequence. There are two such elements: j/26 and 2/26 
and we proved two following relations for them: 

^3(2/26) = Us^l mod {F'^Ef'^°^ U (elements containing Ui)), 

dsiy^e) = U2i^l mod {F^E^'^^^ U (elements containing Ui)). 

Hence, if the element 1/26 (fo'" ^26 this is analogous) kills Ui^rfli, then there 
must exist another element rj, different from y2Q, and such that: ^3(77) = 1/2^1- 
Then from the action of the operation Sn^n: Su^ii{U2^i) = U2 and the action 
of the differential ^3, we conclude that 77 = y^y 22 + • • •• However because of 
multiplicativity of the action of ^3 and the formula d^iy 22) = U^U^ + . . it 
follows the necessity of eliminating of the summand yiUlU^, which is deleted 
either with the help of dz{yAy22), (and then there appears U2y22 which is also 
undeletable), or again by ^3(2/42/22)- Hence such rj does not exist. So, Ui^rQi 
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not equal to zero in Eoo of the Adams-Novikov spectral sequence and hence in 
the ring MSp*. 

Let us see the connection between the elements < $7,2,Oi > and 6i^rQi 
of the ring MSp*. 

Theorem 4.1. Let m\,m2 G TovsMSp* are elements of the order two. Then 
we have a relation: 

9imim2 € 2 < mi , 2, TO2 > 

where < mi, 2, m2 > denotes a triple Massey products in the theory of symplectic 
cobordisms and 6\ G MSp2 is the generator. 

Proof. Let us consider inclusions of manifolds ij : M"^ M"j+'"3, j — 1,2 
which together with the normal Inmdlcs of these inclusions define on manifolds 
Ml and M2 some {B, /)-structures which represent the elements mi and m2 
respectively. Let M5p- manifolds Xj, (i = 1, 2) are included in so that 

dXj = 2Mj and a collar neighborhood of the boundary in Xj has the form 
dXj X [0,1), dXj C W^i+^i X and Xj meets the boundary transversally. Let 
us consider the products together with injections Mi x X2 C M^i+'"i+"2+'-2+i 
and M2 X Xi C +"2+^2+1 g^^j^ ^-^^^ under restrictions of both injections 

on the neighborhoods of each copy of Mi x M2 their images coincide. Let us 
glue the products Mi x X2 and Xi x M2 by the given identification d{Mi x X2) 
with d{Xi X M2). A manifold that we have obtained Y = {Mi x X2U Xi x 
M2)/(Mi X 8X2 = dXi X M2) with the MS'p-structure induced by this inclusion 
Y c M"i+'-i+"2+r-2+i depicts an element from < mi, 2, m2 > in the ring MSp*. 
Let an interval / = [0, 1] be included in ]R^+'' with the trivial framing. Let us 
take two copies of the manifold with a boundary Y x I C K"-i+''i+"2+'-2+r+2_ 
Let us glue the upper boundary F x {1} of the given manifolds by the following 
rule. We choose in the manifold Y one of the copies of Mi x M2 by the gluing 
along which the manifold Y was constructed. A normal boundary of Mi x M2 
in Y has the form: Mi x M2 x (-1,1). Let us identify two copies ofY x {1} 
by the identical map out of the boundary Mi x M2 x (—1/2, 1/2). We obtained 
a manifold whose lower boundary consists of two copies of Y, upper boundary 
has the form: Mi x M2 x S^, where S^ is included in in the form of 

the figure "eight". With the help of such inclusion the framing induced on 
gives the element 9i in MSpi. So, we constructed a cobordism between the 
elements representing the elements 6imim2 and 2 < mi,2,m2 > respectively. 
The codimcnsions that we have chosen arc sufficiently large, so the result does 
not depend from the choice of concrete inclusions. □ 

Let Fi be an element belonging to the Massey product < $7, 2, fii >. From 
Theorem 4.1 it follows that 2ri = 6l^^Vtl ^ 0, hence, the element Fi has the 
order four. 

We denote by Fj, (i = 3,4,...) a series of elements belonging (for each i 

respectively) to the following Massey product: < 2,fii >,z = 3,4, We 

have S/iQ,i — and SqVIi — 0, because in the MASS there are the formulas 
SiiijOi = and Squji = 0, and MSpm and MSpsr consist of elements having 
projections in the term E2 with filtration of the MASS equal to zero. For 
i = 5,6,..., 82(1-1)^1 = by the dimensional reasons. Also there are the 
formulas S2{i-i)^e+i = ^7, so we obtain: 2Fj = 0i$6+i^i 7^ 0, i = 3, 4, . . ., and 
hence the elements of the series F, have the order four in MSp*. 
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Tables 



Table 9. The action of Landweber-Novikov operations on the Ray's elements 
$j (nonzero values) 

Sk^m = ^m-k,m > fc;52„i-i$m = di', Sk,k^m = {m - k)^rn-k, m > k\ 

Sk,k,k'^rn = (to - k)^rn-3s, k = 2s,m> 3s. 
'S'2,2,2,2'1'5 — ^1- 

S'2,2,2,2^'6 = ^2, 'S'2,2,2,2,2^6 = ^1- 
'S'3,3,3,3^8 = ^2- 

S'2,2,2,2^'9 = ^5- 'S'2,2.2,2.2*I'9 = ^'4, 'S'2,2,2,2,2,2^9 = ^3, 'S'3,3,3,3^9 = ^3j 
'S'2,2,2,2,2,2,2$9 — ^'2 , 'S'4,4,4,4^9 = 3*1 , '5'2,2,2,2,2,2,2,2'I'9 = 'I'l- 

'S'2,2,2,2^10 = ^6) 'S'2,2,2,2,23'10 — ^5; 'S'4,4,4,4^10 = ^'2 , 'S'2,2,2,2,2,2,2,24'10 = ^2, 
^'2, 2, 2, 2, 2, 2, 2, 2, 2^10 = ^1- 

^'2, 2, 2, 2, 2, 2, 2, 2^11 = ^3) 'S'2, 2, 2, 2, 2, 2, 2, 2, 2^11 = ^2- 

^'3, 3, 3, 3^12 = ^6) 'S'2, 2, 2, 2, 2, 2, 2, 2^12 = ^4, ^'5, 5, 5,5^12 = ^2, ^'3, 3, 3, 33, 3^12 = $3- 
5'2,2,2,2,2,2,2,2,2*I'l2 = ^'3, 

5'2,2,2,23'l3 = ^'9, 'S'2,2,2,2,2^13 = *&8j 'S'2,2,2,2,2,2*I'l3 = ^7, 'S'3,3,3,3*I'l3 = $7; 
'S'2, 2, 2, 2, 2, 2, 2^13 = <I?6 j 'S'4, 4,4, 4^13 = ^'5 ) 'S'5,5,5,5^13 = ^'3) 'S'4,4,4,4,44'13 = ^3) 
^'6,6,6,6^13 = ^1, 'S'4,4, 4,4, 4,4^13 = ^1- 

^'2, 2, 2, 2^14 = ^2, 'S'2,2,2,2,2^14 = ^9, 5'4,4,4,4$14 = $6, ^'4, 4,4, 4,4^14 = $4, 
^'6,6,6,6^14 = ^2- 

Table 10. The action of Landweber-Novikov operations on the elements Cj 
of the MASS 

52C2 = l,5i,iC2 = 0. 

52C4 = C2, <S'l,lC4 = C2, SiC4 = 1, 52,204 = 0. 
S1C5 = C4, S3C5 = C2, S5C5 = 1. 

^206 = C2, Si^iCe = C2, Sece = 1, S's.sce = 0, 5*2,2,226 = 1- 

S2C8 = C2C4 + C6, S'l.iCg = C2C4 + C6, S4CS = C4, S'2,2C8 = C2, 5*608 = C2, 
5'3,3C8 = C2, 52,2,2C8 = 0, 58C8 = 1, 5*4, 4C8 = 1, 52,2,2,2C8 = 0. 
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Table 10. (continuation) 

S1C9 = 08,5*209 = C2C5, 5*1,109 = C2C5, 53C9 = Ce,S4Cg = 05,6*509 = 0, 5*2,209 = 0, 
57C9 = C2, 59C9 = 1, 53,3,309 = 0. 

5*2Cl0 = C4 + C2, 5i,iCio = C4 + C2, 54C10 = 0, 52,2ClO = C6, 5*3,3Cio = 0, 
5*2,2,2ClO = C2, 5ioCio = 1, 5*5,5Cio = 1, 52,2,2,2,2Cl0 = 0, 56Cio = 0. 
5*lCii = Clo, 52C11 = Cg + C4C5, 5i,iCii = Cg + C4C5, 53C11 = Cg + C*, 
5*2,2Cll = C2C5, 54C11 = 0, 5*5Cii = 0, 56C11 = C5, 5*3,3Cii = C5, 57C11 = C4, 
5*3,3,3Cll = C2,5iiCii = 1. 

52C12 = C5 + C2C6, 5i,iCi2 = ClO + C5 + C2C6, 54C12 = C2, 52,2Cl2 = C4 + C2, 
56C12 = Ce, 53,3Ci2 = C6, 52,2,2Cl2 = Cg , 58Ci2 = 0, 64,4012 = 0, 52,2,2,2Cl2 = C2, 
56,6Cl2 = 0, 5i2Ci2 = l,54,4,4Ci2 = 1 , 63,3,3,3012 = 0, 52,2,2,2,2,2Cl2 = 0. 
5*lCi3 = C12 + C4C8, 52C13 = Cii + C2C4C5 + C5C6, 5*i,iCi3 = C2C4C5 + C5C6, 
5*3Cl3 = C2C8 + Cio + Cg + C2C6, 54C13 = Cg, 52,2Cl3 = Cg + C4C5 + C2C5, 
5*5Cl3 = c| + c|, SgCia = 0, 5*3,3Ci3 = 0, 52,2,2Cl3 = C2C5, 5*7Ci3 = C2C4 + Cq, 
5*8Cl3 = C5, 54,4Ci3 = 0, 63,3,3013 = 0, 62,2,2,2013 = 0, 613C13 = 1. 
62C14 = Cg + C2C4, 6i,iCi4 = Cg + O2C4, 64C14 = 0, 62,2Cl4 = 0, 6gCi4 = C4, 
63,3Cl4 = 0, 62,2,2Cl4 — C4, 68C14 = 0, 64,4014 = 0, 62,2,2,2014 = Cg, 610C14 = c|, 

65,5014 = 02, 62,2,2,2,2014 — 0, 614O14 — 1, 67,7014 = 0, 62,2,2,2,2,2,2014 = 0. 

620ig = 014 + C2O12 + O4O10 + Cg08 + C2O4O8 + O2C10 + C4O5 + 02040g + C2C4 + 
+ C2C4, 

5*l,lCi6 = Ci4 + C2C12 + C4C10 + C6C8 + C2C4C8 + C2C10 + C4C5 + C2C4C6 + c|c4 + 
+ C2C4, 

5*4016 = C12 + C2C10 + C4C8 + C4C2, 62,2Cl6 = Cg + C2C4, 62,2,2Cl6 = 0, 

5*6016 = C2C8 + Cio + Cg + C2C6 + C4C6, 63,3016 = C2C8 + Cio + Cg + C2C6 + C4C6, 

5*8Cl6 =04 + 08, 5*4,4Ci6 = C4, 52,2,2,20lg = 0, 63,3,3016 = 0, 6io0ig = O2O4 + Cg, 

55,5Clg = O2O4 + Cg, 62,2,2,2,2Clg = 0, 6i2Cig = O4, 6g,g0ig = Oj, 64,4,4015 = 0, 

63,3,3,3Clg = 04 + O2, 62,2,2,2,2,20lg — 0, 6i40ig = O2, 67,7015 = 02, 

62,2,2,2,2,2,2016 = 0, 6ig0ig = 1, 68,80lg = 1, 64,4,4,40ig = 0, 

52,2,2,2,2,2,2,2Cl6 = 0. 

5*2017 = C2C13 + C5C10 + C6Cg + C2C11 + Cg + C2CgC6 + C2Cgc| + Cgc|, 

5*l,lCi7 = C2C13 + CgCio + CgCg + C2C11 + Cg + CaCgOe + C2CgC4 + CgCj, 

5*iCi7 = C16, 63C17 = 014, 64C17 = 013 + C2C11 + Cgc|, 52,2Cl7 = 0, 65O17 = 0, 

5*6Cl7 = C2Cg + CgOe, 63,3017 = C2Cg + CgC6, 6*2,2,2017 = 0, 67C17 = Cio + Cg + C2C6 

5*8017 = O9, 64,4017 = 0, 62,2,2,2017 = 0, 69O17 = O4, 63,3,3017 = 0, 610O17 = C2Cg, 

55,5Cl7 = C2C5, 62,2,2,2,2017 = 0, 611O17 = Cg, 612O17 = 05, 6g,gOi7 = 0, 

64,4,4017 = 0, 63,3,3,3017 = 05, 62,2,2,2,2,2017 = 0, 615O17 = 02, 65,5,5017 = 02, 
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Table 10. (continuation) 

5'3,3,3,3,3Cl7 — C2, S\-jCx-j — 1. 

S'2Cl8 = Cg, SijCis = c|, 54018 = 0, S'2,2Cl8 = C6(c4 + C2) + C14 + C2C10, 

•SeClS = 0, 53,3Ci8 = 0, 5'2,2,2Cl8 = Cg + C2C4, ^sCis = 0, 54,4018 = Cio, 'S'2,2,2,2Cl8 = 0, 510018 — C2, S^^^C] 

S&fiC\% = C6, 54,4, 4C18 = 0, 53,3,3,3Ci8 = Ce, 5i4Ci8 = 0, S'j^'jC\% = 0, 
5'2,2,2,2,2,2Cl8 = 0, 52,2,2, 2,2,2, 2CI8 = 0, 5i8Ci8 = 1, 59,9Ci8 = 1, 56,6,6Cl8 = 0, 
5'3,3,3,3,3,3Cl8 = 0, 52,2,2,2,2,2,2,2,2Cl8 = 0. 

5iCi9 = C18, 52C19 = Ci7 + CqcI + C11C6 + C13C4 + C5C| + C5C12 + C4C5C2, 

5i,iCi9 = ci7 + C9C4 + ciiCe + C13C4 + C5C4 + C5C12 + C4C5C2, 

53C19 = C16 + c| + C4 + CgCio + C4C2, 54C19 = C5C10 + C4C11, 

52,2Cl9 = C2C13 + C5(cio + C5 + C2C6) + C2C5(C4 + C2) + CgCg + C2C11, 55C19 = 0, 
56C19 = Ci3 + C4C9, 52,2,2Cl9 = 0, 53,3Ci9 = C13 + C4C9, 57C19 = C12, 58Ci9 = Cn, 
54,4Cl9 = 0, 52,2,2,2Cl9 = 0, 59C19 = CiQ, 53,3,3Ci9 = CiQ + Cg + C2C6 + C2C8 + C4C6 
5loCi9 = C4C5, 55,5Ci9 = C4C5, 52,2,2,2,2Cl9 = 0, 5i2Ci9 = 0, 5iiCi9 = c| + c|, 
5'6,6Cl9 = 0, 53,3,3,3Ci9 = 0, 52,2,2,2,2,2Cl9 = 0, 5i3Ci9 = 0, 5i4Ci9 = C5, 
'S'7,7Cl9 = C5, 52,2,2,2,2,2,2Cl9 = 0, 5i5Ci9 = C4, 53, 3, 3, 3,3019 = C4, 55, 5,5019 = C4, 
5l7Cl9 — 0, 5i9Ci9 = 1. 

52C20 = Cg + C2C14 + €4(010 + C5) + 02(010 + O5 + O2O6) + O^, 

5i,i02o = C18 + 09 + O2O14 + 04(010 + 05) + 02(010 + 05 + cjce) + cl, 

S4C20 = c| + c|c|, 52,2C20 = cl + C2C12 + C6(cio + C5 + C^Cq), 56C20 = O14 + c|c6 
5'3,3C20 = Cl4 + C2O6, 52,2,2C20 = C14 + C2O10 + 06(04 + O2), 58O20 = 0, 
54,4C20 = C12, 52,2,2,2C20 = + O20I, 5ioC20 = Oio + C5 + C2O6, 
5'5,5C20 = ClO + Cg + O2C6, 56,6C20 = , 52,2,2,2,2C20 = 0, 5i2C20 = 04 + C2, 
54,4,4C20 = c|, 53,3,3,3020 = O4, 52.2,2.2,2,2C20 = 0, 5i4O20 = Ce, 57,7020 = Cq, 
5'2,2,2,2,2,2,2C20 = 0, 5i6020 = , 58,8C20 = , 54,4,4,4020 = , 52,2,2,2,2,2,2,2C20 = 0, 
520C20 = l,5io,loC20 = 0, 
5i02l = C20 + C4O16, 

52021 = Ci9 + O2C4C13 + O6O13 + 020405(0! + o|) + 05(014 + C2C10), 
5l,lC21 = C2C4O13 + C6C13 + 020405(02 + C4) + 05(014 + C2C10), 

53O21 = C2O16 + C18 + Cg + 02(C14 + C^Oe) + c|(oio + O5 + C2O6) + C6(0i2 + Cg), 
54O21 = Ci7 + C2O4O11 + O4O9 + O5O12, 

52,2C21 = 017 + C4O9 + CeOii + O4C13 + 0405(02 + C4) + 05(012 + Og + C2O4), 
55O21 = C4, 5g02l = 020409 + O2O11 + 05(010 + O5 + O2C6), 
5'3,3C21 = C2C4O9 + O2O11 + 05(010 + O5 + 020g), 

52,2,2C21 = O2O13 + O2O11 + CgOg + 05(010 + O5 + O2O6) + 0205(03 + O4), 
58021 = 013 + C5O4, 54,4021 = 013 + C2O11 + 05(02 + O4), 52,2,2,2C21 = 0, 
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Table 10. (continuation) 

S7C21 = Ci4 + C2C10 + C6(C2 + C4), 5*9021 = C12, 

'S'3,3,3C21 = C2(cio + C5 + C^Ce) + c| + C2C4C6 + CjCg, 5*10021 = C2C4C5 + C5CQ, 
S5,5C21 = C2C4,C5 + C5C6, 5*2,2,2,2,2021 = 0, 5*12021 = 0, 5*6,6021 = 0, 5*4,4,4C21 = 0, 
'5*3,3,3,3021 = O5C2, 5*2,2,2,2,2,2021 = 0, 5iiC21 = Oio + C5 + C2O6, 5*13C21 = o|, 
5*14021 = 0, 5*7,7C21 = , 5*2,2,2,2,2,2,2021 = , 5*15C21 = O2O4 + Cq, 
'S's, 5,5021 = O2O4 + 06, 5*3,3,3,3,3C21 = O2, 5*16021 = O5, 5*8,8021 = O5, 
54,4,4,4C21 — 0,5*2,2,2,2,2,2,2,2021 = 0. 

'S'2022 = 012(04 + C2) + cio(oio + C5 + clce) + C5, 5*4022 = O2C10, 

5*1,1022 = 012(04 + C2) + cio(cio + c| + c^ce) + c4„ 85022 = Cg + C2 + ceCio, 

52.2022 = O18 + Og + C2C14 + C6(C12 + Cg + C2C4) + C2(cio + O5 + C2C6), 
53,3022 = Cg + C2 + CeCio, 58022 = , 52,2,2022 = O2C12 + C6(oio + O5 + CjOe), 
54,4022 = 0, 52,2,2,2022 = 0, 5io022 = O12, 55,5C22 = O12, 52,2,2,2,2022 = 0, 
5l2022 = Oio, 56,6022 = Oio + O5 + O2O6, 54,4,4C22 = Oio, 53, 3, 3,3022 = C5 + O2O6, 
52,2,2,2,2,2022 = 0, 5i4C22 = O4, S-j ^•jC22 = O4, 52,2,2,2,2,2,2022 = , 5i6022 = 0, 

58.8022 = 0, 54,4,4,4C22 = , 52,2,2,2,2,2,2,2022 = , 5l8022 = , 59,9C22 = 0, 

56.6.6022 = C2, 53,3,3,3,3,3C22 = Cj, 52,2,2,2,2,2,2,2,2022 = 0, 522022 = 1, 
5ll,llC22 = 1,52,2,2,2,2,2,2,2,2,2,2022 = 0. 

52023 = O21 + C5C16 + C9C12 + Cii(cio + C5 + C2C6) + CgCi3 + O50I + (Ci3 + 
+ 0508)(04 + C2), 5iC23 = O22, 53C23 = O20 + O5, 

5l,l023 = O21 + O5C16 + O9C12 + Oii(cio + O5 + C2O6) + O8O13 + C5C| + (013 + 
+ 0508)(o| + c|), 54C23 = 019 + O8O11 + O9C10 + Oiic|, 55C23 = O18, 

52.2023 = 0204(013 + C5C8) + O2O5C12 + 04C5(cio + O5 + C2O6) + O5C8O6, 
56023 = 017 + O8O9 + O11C6, 53,3C23 = O17 + C8O9 + O11C6, 52,2,2023 = 0, 
57O23 = O2, 58C2,-5 = 0, 54,4C23 = O4C11 + O5C10, 52,2,2,2023 = 0, 59C23 = 0, 
53,3,3023 = 0l4 + C2C6, 5io023 = Oi3 + C5C8, 55,5C23 = O13 + C5C8, 52,2,2,2,2023 = 
5llC23 — 0, 5i2C23 = Oil, 56,6023 — O2O9 + O5C6, 54, 4,4023 — 0, 52,2,2,2,2,2023 = 0, 
53,3,3,3023 = O2O9 + C5C6, 5i3C23 = 0, 5i4C23 = C9, 57,7C23 = O9, 5i5C23 = 08 + O4, 
52,2,2,2,2,2,2023 = 0, 55, 5,5623 = 08 + O4 + Cg, 53,3,3,3,3623 = 08 + o|, 5i6023 = 0, 

58.8023 = 0, 54,4,4,4623 = , 52,2,2,2,2,2,2,2023 = , 5i8023 = 0, 59,9623 = 0, 

56.6.6023 = 0, 53,3,3,3,3,3623 = O5. 

52024 = Oil + ofois + 66(6g + 64) + 64614 + 612(65 + 6266) + 65610, 
5i,l624 = 611 + 63618 + 66(63 + 64) + 64614 + 612(65 + 6265) + 6g6io + 622, 
54624 = 63612 + 65, 52,2624 = 66614 + 64(612 + 62) + 65610 + 62(612 + 62) + 62°, 
56624 = 618 + 6g + 63614 + 66612 + 626466 + 6^, 5*4,4624 = 6^ + 64 + 62, 
53,3024 = O18 + Og + 63614 + 66612 + 636466 + cl, 58624 = 63, 52,2,2,2,2624 = 0, 
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52.2.2024 = Ci8 + Cg + Ce{ci2 + (^cf) + c\(^, S10C2A = C14 + CgCio + c|c6, 
'S'2,2,2,2C24 = cl{ci2 + C%(?i + Cg) + Cq{cw + c\ + C%Cq), S12C24, = C12, 

S5,5C24 = Cl4 + C2C10 + c|c6, <S'6,6C24 = Cg, <S'4,4,4C24 = C12, ^s, 3, 3,3024 = C12 + Cg, 
'S'2,2,2,2,2,2C24 = 0, 5i4C24 = CiQ + Cg + C2C6, ^7,7024 = Cio + Cg + C2C6, 
'S'2,2,2,2,2,2,2C24 = 0, S'i6C24 = 0, 58,8C24 = c|, 52,2,2,2,2,2,2,2024 = 0, 
54,4,4,4024 = C4, 5i8C24 = Cg, ^9,9024 = Cg, 56,g^6C24 = 0, ^3, 3, 3, 3, 3,3024 = Cq, 
52,2,2,2,2,2,2,2,2C24 = 0, 520C24 — 0, 5io,loC24 = C2, 52,2,2,2,2,2,2,2,2,2024 = 0, 
55,5,5,5024 = C2, 54, 4^4,4, 4C24 = 0, 5i2,12C24 = 1,58,8,8C24 = 1 , 5g,g,g,gC24 = 0, 
54,4,4,4,4,4024 — 0, 53_3_3_3_3_3_3_3C24 = 0, 52,2,2,2,2,2,2,2,2,2,2,2024 = 0. 
52025 — C23 + C2O5C16 + C2O8C13 + C19C2 + O6C17 + +0205C8(C4 + C2) + Ci3(cio + 

+ Cg + C2O6) + Cn{clcl + c|) + C9(C14 + O2C10), 5iC25 = C24 + C8O16, 
5l,lC25 = O2C5C16 + O2C8O13 + C19C2 + C6O17 + C2C^Ci{c\ + C2) + Ci3(cio + C5 + 

+ C2O6) + Cii{clc\ + C2) + 09(ci4 + C2O10), 
53O25 = C22 + Oil + C4C14 + Cio(oi2 + Cg + C2C4 + C2) + C6O4, 
54C20 = C21 + C2C8C11 + C13C2 + O9C12 + 05f|, 

52,2C25 = C21 + C5Cig + C8C13 + C2(ci7 + C4C13 + C4C5C8) + (C2C13 + C2C5C8)Cg + 
+ (0l3 + C5C8)(C4 + C2) + (cii + C2C4C5)(cio + Cg + CjCg) + C9C12 + 
+ C2C5(ci4 + C2C10 + Cg(c2 + C4)) + C5(cg(cio + O5 + CjOg) + c|), 

55C25 = C20 + Cg, 5gC25 = C2C8C9 + C13C6 + C9(cio + Cg + CjCg), 

53,3025 = O2C8O9 + C13C6 + 09(010 + Cg + O2C6), 

52.2.2025 = C2O4C13 + C2O4C5C8 + C2O13C2 + (Ci3 + C5C8)C6 + Oiic| + Cq(^Cq + 

+ 0405(010 + 05 + C2O6) + 0502(010 + Cg + CgOe) + 0205(012 + 00 + C2), 
57O25 = C18 + C2O16 + 09 + C2C14 + ceic^cl + Cg), 58025 = 017 + 090^, 

54,4025 = O5C12 + 017 + O2O4C11, 52,2,2,2025 = 0, 59O25 = c| + cl, 53,3,3C25 = 0, 

5ioC25 = O2C5C8 + C11C2 + O9C6, 55,5C25 = C2O5C8 + OnCj + C9Cg, 52,2,2,2,2025 = 0, 
5iiC25 = 014 + C4C6, 5i2C25 = C13, 5g,6C25 = C9C2, 53,3,3,3025 = C13 + C9C2, 
54,4,4025 = Cl3 + C2C11 + C5(C4 + C2), 52,2,2,2,2,2C25 = 0, 5i3C25 = 0, 5i4C25 = 0, 
57,7025 = , 52,2,2,2,2,2,2025 = , 5i5C25 = ClO + cj + C2C6 , 6*5,5,5025 = 0, 
53,3,3,3,3025 — OlO + O5 + C20g, 5igC25 = C9, 58,8025 ~ 0, 64,4,4,4025 — 0, 
52,2,2,2,2,2,2,2025 = , 5i7025 = 0, 5i8C25 = 0, 69,9025 = , 56,6,6025 = 0, 
53,3,3,3,3,3025 = 0, 5i9025 = 06 , 52,2,2,2,2,2,2,2,2025 = , 520C25 = 0, 5io,lo025 = 0, 

521025 = 0, 65,5,5,5025 = 0, 64,4,4,4,4025 = 0, 62,2,2,2,2,2,2,2,2,2025 = 0, 
57,7,7025 = 0, 63,3,3,3,3,3,3025 = 0, 623025 = 0, 625025 = 1, 65,5,5,5,5025 = 0. 

o 22|22|2|44|4|12 
62C26 = C4C8 + C2O10 + O12 + C2C4 + Cg + 02 , 

c 22i22i2i44i4il2c n 

61, 1026 = C4O8 + O2C1Q + 0^2 + C2C4 + Cg + O2 , 64O26 = 0, 
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Table 10. (continuation) 

S2,2C26 = C22 + cfi + CQcj + Cu{c\ + c\) + 0204(010 + OjCe) + OjCio + C10C12, 
-56026 = 0, S'3,3C26 = 0, 52,2,2026 = <^C% + (^{c\ + c\) + O^g + C5 + , 
S8C26 = 0, ^4,4026 = Oig, 52,2,2,2026 = 0, 510026 = C4 + o|, ^5,5026 = 04 + o|, 
^2, 2, 2, 2,2026 = 0, 5i2026 = 0, 56,6026 = C14 + C4C6 + C2O6 + C2O10, 54,4,4026 = 0, 
53,3,3,3C26 = Cl4 + o|o6 + o|o6 + OgOio, 52,2,2,2,2,2026 = , 5i4026 = 0, Sr,7C26 = 
52,2,2,2,2,2,2026 = 0, 5i6026 = , 58,8026 = ClO, 54,4,4,4026 = 0, 5i8026 = O2, 
52,2,2,2,2,2,2,2026 = 0, 59^g026 = O2, 56,6,6C26 = 0, 53,3^3,3^3,3026 = 0, 5io,loC26 = C6 
52,2,2,2,2,2,2,2,2026 = 0, 520026 — 0, 55,5,5,5026 = 06, 52,2,2,2,2,2,2,2,2,2026 = 0, 
54,4,4,4,4026 = 0,522026 = 0, 5ii,iiC26 — 0,52,2,2,2,2,2,2,2,2,2,2026 = 0> 
5l3,13C26 = 1,52,2,2,2,2,2,2,2,2,2,2,2,2026 = 0. 

52027 = 025 + O4O5O16 + O4O8O13 + O19O6 + O170I + 040508(o| + o|) + O13O12 + 

+ 011(02010 + O14) + 09(0204 + O4), 5i027 = 026, 
5l,l027 = 025 + O4O5O16 + O4O8O13 + O19O6 + O170I + 040508(04 + o|) + O13O12 + 

+ oii(c|fio + 014) + 09(0204 + o|), 

53O27 = O8O16 + 024 + CgCis + C10C14 + Og + O2O4 + 02^, 
54O27 = 023 + O4O8O11 + O13O10 + O11O12, 

52,2027 = O2O5O16 + O2O8O13 + 05(017 + O4O13 + O4O5O8) + O2O13O4 + 013(010 + 

+ O5 + O2O6) + 011(0204 + O2) + O2O4O5O12 + O5O6O12 + 09(014 + 03010) + 
+ 0405(02010 + 06(ol + o|)), 55O27 = O22, 

56027 = O21 + O4O8O9 + 011(010 + O5 + O2O6) + 050g, 

53,3C27 = C21 + O4O8O9 + 011(010 + O5 + O2O6) + OsOg, 

52,2,2027 = O11O2O6 + 02(017 + O4O5O8) + 06(020i3 + O2O5O8) + 020405(010 + O5 + 
+ O2O6) + O2O4O9 + 0405(03 + 0^) + 0205(014 + O2C10 + 05(04 + 03)) + 
+ 05(02012 + 06(oio + O5 + OjCe)), 54,4027 = CsCii + 011(04 + O2) +O9O10, 
57O27 = O4C16 + C20 + Cio(cio + C5 + C2C6), 58027 = Ci9 + C11C4, 
52,2,2,2027 = C2C13 + C2C11 + C2C6C9 + C2C5(Cg + Og) + 0305(010 + C5 + cjce), 
53,3,3C27 = O2O16 + O4O6O8 + 08(oio + O5 + 0305) + O18 + O9 + OjOu + 05(042 + 

+ O2O4 + Og), 59O27 = O18 + o|oio, 
5l0O27 = O4O5O8 + O6O11 + o|o9, 55,5027 = O4O5O8 + O6O11 + o|o9 , 52,2,2,2,2027 = 0, 
5ll027 = O6O10 + O2 + O4, 5i2027 = , 56,6027 = O2O4O9 + 05(010 + O5 + O2O6), 
54,4,4027 = 0, 53,3,3,3027 = O2O4O9 + 05(010 + O5 + O2O6), 52,2,2,2,2,2027 = 0, 
5l3027 = 0, 5i4027 = O13, 57,7027 = O13, 52,2,2,2,2,2,2027 = , 5i5027 = C4C8 + O12, 

55,5,5027 = C4C8, 53,3.3,3.3037 = C2C8 + C3C4C6 + 03(010 + C5 + CjCe), 5i6C37 = Oil, 

58,8027 = 0, 54,4,4,4037 = 0, 53,3,3,3,3,3,3,3037 = 0, 517C37 — ClO, 5i8C37 = 0, 
59,9027 = , 56,6,6027 = O2O5, 53,3,3,3,3,3027 = O2O5, 5i9027 = 0, S20C27 = 0, 



'S'2,2,2,2,2,2,2,2,2C27 = 0, S'io,loC27 = 0, 85^5^5^5027 = 0, 5'2,2,2,2,2,2,2,2,2,2C27 

<S'4,4,4,4,4C27 = 0, 521C27 = 0, 87^7^027 = C2C4 + Cfi , 5*3, 3, 3, 3, 3, 3,3027 = Cj, 
S22C27 = 0,511, 11C27 = 0, S'2,2,2,2,2,2,2,2,2,2,2C27 = 0,523027 = 0,525027 = 

55,5,5,5,5027 = 0. 
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Table 11. The cell E^'^'* of the MASS for t < 108 (generators). 
106 u)4{= U3C23 + W4C19 + U5C11), 

V'lo(= W1C9C17 + U2(C25 + C8C17 + CgCie) + U4C2C17 + U5C2C9), 

■!/'9(= W1C5C21 + W2C4(C21 + C4C17 + C5C16) + M3C2(C21 + C2C19 + C5Ciq) + 

+ ■U5C2C4C5). 

102 (^13 (= W1C25 + U2C8C16 + W4C2C16 + W5C2C8). 
98 u>3{= U2C23 + W4C17 + W5C9), 

V'8(= W1C5C19 + U2C4C19 + U3(C21 + C2C19 + C5C16) + W5C4C5), 
V'7(= W1C11C13 + U2C4C8C11 + M3C8(C13 + C2C11 + C5C8) + 
+ U4C4(C13 + C2C11 + C4C9)). 

94 (fi2i= U1C23 +U4Cie + u^cs). 

90 -06 (= U1C5C17 + U2(C2l + C4C17 + C5C16) + W3C2C17 + U5C2C5). 
tp5{= W1C9C13 + U2C8(C13 + C5C8 + C4C9) + U3C2C8C9 + 
+ U4C2(C13 + C2C11 + C4C9)). 
86 (fll{= U1C21 + U2C4C16 + U3C2CI6 + U5C2Ci). 

82 u}2{= W2C19 + W3C17 + U5C5), 

■i/'4(= W1C9C11 + W2C8C11 + M3C8C9 + W4(ci3 + C2C11 + C4C9). 
78 (^io(= W1C19 + U3C16 + W5C4)- 

74 V3(= W1C5C13 + U2C4(C13 + C4C9 + C5C8) + U3C2(C13 + C5C8 + C2Cii) + 

+ U4C2C4C5 
70 (^9(= U1C17 + U2CI6 + W5C2)- 

66 V2(= W1C5C11 + U2C4C11 + W3(Ci3 + C2C11 + C5C8) + W4C4C5). 

62 W5. 

58 Vl(= M1C5C9 + W2(C13 + C4C9 + C5C8) + ■U3C2C9 + U4C2C5). 

54 <^7(= U1C13 + U2C4C8 + W3C2C8 + U4C2C4). 

50 iOi{= U2C11 + U3C9 + U4C5). 
46 (^6(= WlCll + W3C8 + '"4C4). 
38 (^5(= U1C9 + W2C8 + W4C2). 

30 W4. 

22 i^3(= U1C5 + U2C4 + U3C2). 

14 U3- 
6 U2. 

2 ui. 
t 
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Table 12. The cell ^2'°'* of the MASS for t < 108 (generators). 



104 cofi, 


626 (= 


c?0 

io/ 


96 C24. 






88 Too 
00 (--22 5 




^11/ 


80 C20. 






72 ci8, 


ei8(= 




64 ei6(= 


= ci). 




56 C14. 






48 C12. 






40 cio, 


eio(= 




32 e8(= 


cl). 




24 C6. 






16 e4(= 







1. 

1 1 

Table 13. The generators of the cell E"^"'* of the MASS for t < 54. 

52 ai3(= /10C13 + (/10C2 + hih2)cii + (/ioC4 + hih^)cg + (/iQCg + h\hi)c5) 
biz{= hoCiz + (hoCs + hih4)c5 + /12/14C4 + h^h^c^) 

/l3(= ^0Cl3 + {hoC2 + /ll/l2)cil + h2h3Cs + h2hACi) 

48 6i2(= /ioC4C8 + hihiCs + /11/14C4 + /i?cii) 
44 aii(= /locii + /13/14) 

&ll(= /l0C2C9 + /I1/I2C9 + h2hiC2 + /I2C8) 

40 6io(= /10C2C8 + hih2Cs + hihiC2 + /i^cg) 
36 a<j(= hoCg + /12/14) 

69(= /10C4C5 + hih^C^ + /l2/l3C4 + /l3C2) 

32 08 (= /10C8 + /11/14) 
28 07 (= ft^) 

67(= /I0C2C5 + /ll/l2C5 + /l2/i3C2 + /i2C4) 

24 66(= /10C2C4 + /11/12C4 + /11/13C2 + /jfcs) 

20 05 (= /I0C5 + /l2/l3) 

16 04(= /10C4 + /11/13) 

12 03(=/l^) 

8 a2(= hi)C2 + /11/12) 

4 ai(= 

/io 

t t 
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Table 14. Relations in the term E^*'* for t < 54. 
h^iu] = h]ul{i,j = 1,2,3,4). 

hox = 0, where x is an arbitrary element with the second grading > 0. 
u^{hoc^,^k] +hihk) = Ukhl, where [i,k] = 2'-^ +2'=-^ -l;i,k& {1,2,3,4}; 

i ^ k. 

Uiihocy^k] + hjhk) = Uj{hQC[i^k] + Khk) = Ufc(/ioC[ij] + hih/}, where 
i^j^k^ie{L2,S, 4}; [i, k] = + 2^-' - 1, [1,3] = 2'-^ + 2^"^ - 1; 
[j, k] = 2^-^+2''-^ - 1. 

hle2k =4 + ^h]^ where k = 2'-^ + 2^-'^ - 1, i ^ j g {1, 2, 3}. 

hoihoCkCj + hihjCi + hshjCk + h'jCr) = {hQCk + hihj){hoCi + hshj){hoCr + hghi 

where k = 2'"^ + 2^-^ - 1, / = 2*-^ + 2^-^ - 1, r = 2"-^ + 2'-^ - 1; 

i7^jVfc7^iG{l,2,3}. 

ho{ai3 + 613) = a2aii + 0409; 

uibe = ip^ai; 

/io(ai3 + /13) = osas + 0409; 
U167 = ((£5302 = 'U2&6; 

6g = 0368 + 010764 + a^eio = a|e4 + aia3e8 + aieio; 
W267 = '/'sas; 

hoiciar + egaa) = 02^9 + 04^7; 
ui&io = (psfli + U3C6ai; 
ho{esa3 + aiCio) = 0467 + 0565; 
W269 = </?3a5 = ■"367; 

UlWi = U2(V'6 + W2C10 + W3C2) + U3{ip5 + UsCe) + U4V'3; 

uibu = ^2610 = V'5a2 + U3C6a2; 

vabii = (^503 + U3CQa3; 
ui{aiew + 0368 + 0764) = b&ip3; 
usbg = Vsar; 

^2(01610 + 0368 + 0764) = brips; 
U1612 = ifeai + U2Cioai + U3c|ai; 

Wiai = U2&I2 + W3&IO + M4&6- 
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Table 15. The term E2 = ExtA{BP*{MSp),BP*) 

t-2s 



|S 4 ^ 






1 


2 


3 


4 


5 


1 

1 




z 


2, z 


2 




1 , ^1 


Z2 


z 


2 2 

4, Zl^s, ^2 , Zj 


2^2, i 




1 


z 


5,? 










■[ 


J2 










/a' 










C/2] 


/ 












■2/4 


?/2 ^ 


/ 




'3 










































































I 


/| 






































































L 

































































































































































































































































































































































































































































5 


6 


7 


Zi,Z3 


Z2 


Z6,? 


/6,?74Z 


2,Z2Z 


11 ^ 


;fz4,ziZ2Z3,z|,?j 


4zf , Z1Z5, Z2Z4, 25*23, 2 


2 

3' ' 




27 














Z3 


C/3 > 


/ 


\ 




/ 
















I 








y4 












(72 
































Z3 




































t^2 


C/3 


















5 
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Table 15. (continuation) 

t-2s 
|S 4 ^ 



7 







Z3,y4 


zf, z^zf, Z4Z2Zi,Z3zf, z^zf, ze 


Zl,t/4. 


'^2Zl,zl 


Z\,Z3 


z\,Z^Z2,Z4Z3 




4 




L 




\ 




U2,y4 




/ 










/ 




















•Z31 


hU3' 






































'2/4 






' U2 


UI 








































■Z3 


ui 


















































































L 



















































































































































































































7 


8 


zl,Zi 


3 2 3 




Z8,2z 


izl,yiz 


2zl, zfz2Z3, Z^zi, zf 


2/4,^2 


z\-,Z(, 


zhve 


Z2 






/ 






•zi 


U2 


2/4^ 


'3U2 \ 


^ Z3 


3)3 


























Z3 


ui^ 
















































































Ui 


U3 
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Table 15. (continuation) 

t-2s 
|S 4 ^ 

8 



y4Z4, z|z2, 2/4^1, y4ZiZ3,ys, Z5Z2Z1, Z4^|, 24232^1, ye^?, VtZi, zqZ2, z-szi, zj, Z5Z3 







. \ 


/ 






\ 




/ 












yd 


/2C/3 


ye 




U2 


U4 


c/3 




















































yi 














ul 


U2 


$3, 
















































U3 











































































































































































































































8 


9 


Z5zl,Z4Z2zf,l 


I4, 


'1 ' ^3^1 ' ^3' 


2 4 ^ 9 ^ 
Z|Z1,Z|,Z3Z5',Z|ZJ 




Zj',t/4Z3Z^,y4z|zi,x 




'3^4 
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/ 












' yl 


U2 \ 




5U2' 
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Table 15. (continuation) 

t-2s 
|S 4 ^ 



9 







zi,y7zf, zeZ2Zi, zrzf, zjzi, Z5Z3Z1, Z5 




2221,2/4' 


Z4Zi,y4x 


^2Z? 












U2 ^ 


^ ye 






$3 
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zl,Z3Z^zf,ye 


zf,y 


6Z3, zszf,z'^zf,yjZ2,zeZ3 


,Z7Z2 


Z5Z4, Zs 
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Z6 
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ye 
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Table 15. (continuation) 

t-2s 
|S 4 ^ 

9 

z-iZ'i, zlz2Zi,zzZ2zl,ZiZzzl, za^z^zi, z^zf, zlzl, ZsZ2zf, Z2zl, ylzi,Z4Z2zf, Z5zf 
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/ 
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210, J 
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llQ, zfz 
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Table 15. (continuation) 

t-2s 
|S 4 ^ 



10 



y4Z5Zi,y4Z4Z2,ye 


4 2 2 

Z-j^ ^ Zi:^Z'2 Z-y ^ Z^2 


'3zl,Z5Z2zf,Z4 


zf, z'^Z2zf, A 


4,Z3Z^Zi,y4 


zf,Z2 


Zl 


\ 




'3U2 




'3U3 ^ 
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'3UI 


vl 




yd 


J2U3 



































































































































































































































































10 

zfz3y4, zfz^yA, zfz2Z3, zfzl, ysZ2, y4Z2zf, ZiZ2y7, zizsze, z^ze, ylz2, zfz^, J/4J/6 





^ 
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yd 
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Table 15. (continuation) 

t-2s 
|S 4 ^ 



10 





'4^?,y4 


zhyiZ2,y4Z3Z2Zl,Z4 


ya, zizg, Z2Z8, Z3Z7, z|, zrzf, zjzf, , 




23,^5 


zl 






\ 
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( \ 
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/ 






































ul 




'zUl 
































ui 


z-i 


ul 


Ua 



























































































































































































































































10 

zlzzZr,, ZlZ^Z^, ZlZ2ZzZi, Zlzi, Zfzz, zfz2Z4, Z^Z?^. zfzj, zfz^, zlzlzz, yiZfi 
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Table 15. (continuation) 



t-2s 
|S 4 _ 



10 


11 


Zlz3, zfz2,y9Zl, Z6Z4, Vrzf, Z6Z2zl 


2 2 

Z-y Z^Z'J^ Z-y A 


HZ5,ziZ2zl, zlzlui, zfz3y4, z\ 


ye 


\ 






/ 




Us ^ 




I4U2 ^ 








































































































































































The end of calculations 

























11 



z\y4, zxzly^, z^zsy^, ywzi, ziqZi, zfzsye, Ziz'^ye, zfy^z^, 2122^3^4, 



yioC^: 



^4^/4 



y6*3 



zm 



11 





J2?y8,zi. 


'.iy6,ZiZ3,ZT,Zizl,zl 


27, Z2Z4Z5, ZZZ2Z\, z\zt, zfzj, Zl 

^ . ^ y 


yio 
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fze 
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$3 ^ 




(^3 ^ 


/ 
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U2U3 
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Table 15. (continuation) 



t-2s 
|S 4 _ 



11 



zfziUA, zlz2y%, zfzsZ5, zlzlz^, ZizlzA, zfz2Z3Z4, zfz^, zfz2Z4, z'fz2Z3y4, zizlyi 









iU2 














Zbl 




zzl 









































































































11 



zlzl, zizlzl,z^zz, zhil, zfz^, zfz^Z3,zlz2y4, ^223^6, zfzs, zjz^, zfyg, ziz^z^ 

' — ' ' — ' — — — 



Z3Z5U2 



vlul 



ViZsU^ 



4ul 



11 



zmze, Z2Z3Ze, z^yr, zizsyr, zfyr, zfz2Z6, zlz^, Z2Z^y4„ Z3Ziyi, Z3yl, z^ye, zry4 



U2U3U4 



J2^3 



-'3 '±'3 



zjUi 



11 



2:3^8, y^yi, yii,ziy4y6,zfzs, zlzi, zlz2y7, zlz3Ze, ziz'^zq, z'fz2zi, ziz^, zlzlz3 
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Table 15. (continuation) 

t-2s 
|S 4 ^ 



11 



Z^Z^Zi: zf 


Z3Z4,zfz2Z5,zl 


Z6,ZiZ-l,zfz2Z3,zf 


Z2, Z1Z2Z3Z5, Z1Z3Z4, Z2Z3Z4, Zlzr, 






\ 


/ 


































































11 


12 


Ziz 


2?y|,z4 


27,^22/9,^4 


1/7, 2:52:6, 2229,2:32:8,2:2 




2/8 


ziy 11, Z2Z10, zizii, z^Zfi, 1 


^11 










/ 






\ 


































































The end of calculations 









































12 



2:3^9, 2;t2/8, 2;i^;227, zIzaZb,zIz2zI, zfziQ, z'fz2y8, ZyZAVe, zfziVA, zfz2y%, zfzg 







Z51 


/6C^2 


2/4^ 


;7C/2 































































12 

2^1 2^2^32/4, 2;i2;22/4, ^12^22/4, zfyiZa, zfy4yQ, ZiZ2Z3y6, z^ye, zfya, zfz^, 2^24, 2j"22 



— \ 


^^32. 


I8U2 






2/42 


17U2 ^ 


/ — 



























































12 

ziZ2Z,y4, 2I242/4, z^zszm, z\z2y7. zfz.z,, zlzW zfzh^, ^?^32/4, zfzl ZIZ2ZS 



Zll 




yd 


?73 ^ 


^2/11 


C/2 




^ 2/7 


*3 N 


7^ 


^1 








2/42 






2/4^ 
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Table 15. (continuation) 



t-2s 
|S 4 _ 



12 



zfz2Z3, zfz^, zfz^Z3, z^zlzi, zfz3Z4, zfz2Z5, zfzsye, zlzlya, zfz5y4, zlz2Ziyi 



"V^ 



V».U2Us 



y6U2^3 



yiU2U4: 



12 



Z12427, zl, zfz2yl,zlyio, ziZ2zl, z^zl, ZIZ2Z3Z5, zfz^Zi, z^z^, zizfzs, ziz^ZsZa 





7^. 




: \ 


T ^ 


— ^ - — 








ye 


ui 


U2 


$6 Us 


$5 U4 































12 



zi^^s^e, zxz^yi, ziZ2y9, ziZsZs, ziZ2Zg, z^zs, z^y4, zizlz^y^, zfz'^yi, yiZs, 















ul 


Z3l 


irUi 






■ Z31 

























12 



^12/10' 2^22/4^6, 22232/4, Z2ylo,Z2yw,Z4ys, zeye, Z2Zsyj, zlzQ^ziy^yT, Z2y4.ZQ, z^yl 



— V 



Z'M ■■23(72(73 *3 ' 23[/3^ 



12 



242/4, 21072/4, 22232:7, 2:32425, Z2z|, ziZsyg, 22242/6, 21231/8, 2I2/8, 2/42/8, 23252/4, 2/1 





r ^ 


\ 


7^ \ 


7^ 


























zjU^Us 

■ 


■ 2/9C/I 













12 



2I2/6, 2i29, 2^2:228, 212:32:7, 2i2:|2:7, zfzl, z\zl, zizszj, Z1Z2Z4Z5, z^zj, zjzj, y^ 
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t-2s 
|S 4 ^ 

12 



zfz3Z5, zfz2Z5, zfz^ZA, zfziZ^z^, zlz^, zfz2Z4, zfzj, zfzjzs, zfz^, z\^ , zfyj 





^ 


r — ^ 

































12 


zhhh 4i ziz^zs, zfzi, zfz3, zfz^,zfz4Ze, zf yg, zf yj, zfz2ZQ 




f 1 


/ \ 


/ \ 


/ 























101 



Table 16. The relations in Ext a{BP*{MSp), BP*). 

1. 4(?/8 + + -222/6 + 2/4-24) = -21-27 + -24- 

2. UiZs = U4Z1. 

3. C/22/7 = ^3Z3. 

4. U2Z7 = U:iZ^. 

5. 2yg = Z2Z7 + '6Z4Z5 

6. Uiyg = Usze = ^sZa- 

7. UiZg = U2ZS = UiZ2. 

8- 4(2/^0 + 2/42/6) = Z3Z7 + zl + Xio(2/Jo' ^42/6, z£zt, zl). 

9. 2(010 + -242/6) = -222^8 + ^Z^Zq + X|o(2;Io, 2:41/6, 2;22;8, 2;r-29). 

10. UiZw = ^5Zl 

11. U2ZQ = C/42:3- 

12. [/22/9 = C/32/7 = ^•s^s- 

13. = Uipiylo + U2{y9 + -29) + U3Z7] + Uivs + UlvA + i7i[C/i2/42/6+ 

+ t^2(2/42:5 + 2/62;3)]- 

14. 2y4,Z7 + 2^82^3 = 2:22/9 + ^42/7 + Xl^{yiZ7, y£Z3, 2:22/9, 2:4'2/7)- 

15. 2y8Z3 + 2(yio + 2/62/4)2^1 = 2:42/7 + 2:52:6 + X^AiVeZs, y£zs, Zi{y4y6 + 2/io), 

2:42/7)- 

16. 22/11 = Z2Z9 + 32308 + ^14(2/11, ^2^9, 2328). 

17. J7i(zi2/iQ + 21^4^6 + ^32/8 + ^72/4) + UiZ4Zr + UiZ2Zg + UiZ2y9 + 

+ Uizz{z2y& + Z42/4) = $32/6- 

18. C/12/11 = C/2-210 = *52:2- 

19. Uizii = U3Z8 = U4Z4. 

20. zl = {l + 2/3i)0|y8 + (1 + 2/32)^1^72/4 + (1 + 2/33)^f (2/1*0 + 2/42/6) + ^18- 

21. 2^;i2 = 2:1011 + 3042:8 + Xlg{yl2, 212:11, 0408), 

22. f/i0i2 = $6^1. 

23. C/2?yii = $523. 

24. U2Z11 = U3Z9 = 1/405. 

25. C/32/9 = $3-27- 

26. $32/7 = ^72(01(2/^0 + 2:10 + 2/42/6) + 2:2(2/9 + 2:9) + ^3(2/8 + 2/62:2 + 2/42:4)+ 

^:72/4) 

27. C/iOi = C/2$6 + U3^5 + U4^3 + U^yw + U^Ve + U2U3yl 

Remark. The summand of the form X„(. . . ,x, . . .) has the following prop- 
erties: (i) Xn € i^^(i?2'") , (ii) d3{Xn) = 0, (iii) the summand x do not appear 
in the expression for X„. 
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Tabic 17. The action of the differential ^3 of the Adams-Novikov spectral 
sequence (continuation of Table 4 of the work [41]). 

7) dsiU^U^z^) = U^+'uldsiU^U^Us) = 0,d3{U^U^) = 0. 

8) d3{U^U2Zr) = d^iU^U^z^) = i7r+^t/2f/|,d3(i7r<J>3Z3) = K^'Ul<^3, 
ds{U^U2Zsyi) = U^U2{Ulz3 + UiUly^),d3{U^UlU3Z:i) = U^'+'U^Us, 
d3{U^U2Usy4) = dsiU^Ulve) = U^^U^Uz, dz{U^U^yi) = U^U^dsiU^x 

X Ul) = 0,d3{U^Ulz3) = U^+^Uld3{U^U3^3) = 0,d3{U^U2U4) = 0, 

dsiU^Ulzl) = 0,d3{U^UlUi) = 0,d3(f/i"[/|$3) = 0,d3{U^UlU3) = 0. 

9) daiU^zs) = U^+^U2U4,d3{U^y^) = [/r+'C/a^s, d3(C/r^?2/4) = f/f+^^^x 
X {zly^ + zl),d3{Ul'zl) = dsiu^zszsy^) = U^+'Ulzl d^iU^zfzsy^) = 

= dsiU^Zizl) = C/r+3z2(^2y4 + zl),d3{U^zfy7) = d3{U^ZiZ2Ze) = 

= U^+hiy7,d3{U^zlzr) = dsiU^z.zj) = U^+^ z^z^ , d^iU^^ z^z^z^) = 
= d3{U^ziZ2y6) = d3{Ul'z2ZsZ4) = d^{U{' z^z^y^) = ds{U^zizs) = U^+^x 
X Z3Z5,d3{U^ZiZ2zf) - dsiU^z^zf) = U'^+^'zfzr^dsiUl'z.yl) = U^+\jI 
dsiU^z^z^) = d^iU^^zfzi) = d3{U^zlz2yi) = d^iU^zlzlz^) = U^+^zi 
dsiU^ziys) = t/i"+'(C/i2/8 + U2Zr),d3{U^zfye) = U^+hi{ziye + Z3Z4), 

d3{U^zf) = U^+hf,d3{U^Z5y4) = U^U2U3iUm + U2Z3),d3{U^Z3ye) = 

= U^UliUeye + U3Z3),d3{U^ztz3) = d3{U^zfzl) = U^+h!z3,d3{U^x 
xU2ys) = dsiKUsye) = U^U^Uld3{K^3y4) = U^^3Uld3{U^Ulzr) = 
= U^+'UiUi,d3{U^Uiyr) = U^+^Ul<i>3,d3{U^Uiz3y4) = U^U^{Um+ 
+ U2Z3),d3{U^UlU3y4) - dsiU^Ulye) = U^U^U3,d3{U^U^z^) = U^+'x 
X UlU3,d3{Ul'Uly4) = U^Ul,d3{U^Ulz3) = U['+^Uld3{U^ Z2y7) = 0, 

d3(C/l"^2^7) = 0,d3(;7r^425) = Q.d3{U'^zlz3) = Q,d3{U^ Z^Z2zl) = 0, 
d3(C/r^i^225) = 0,d3(C/r2l^3^4) = Q,d3{Ul'z^zlz4) = 0,d3{U^ZiZs) = 0, 

dsiU^zfze) = 0,d3iU^zlz4) = 0,d3iUl'zlzl) = 0,d3{Ul'ztz2Z3) = 0, 

d3iUizlz2) = 0,d3iU^U2yl) = 0,d3{U^Z3Ze) = G,d3{Ul'U2Z3Z^) = 0, 
d3{U'lUl) = 0,d3{U^Uizl) = 0,d3{U^U2U3^3) = 0,d3iU^UlU4) = 0, 

d3iU^UlUi) = 0,d3{U^Ui^3) = 0,d3iU^UlU3) = 0,d3iU^Ul) = 0, 

d3iU^^5) = 0. 

10) d3{U^ziZ2Zr) = d3{U^ziZ4Z5) = d3iU^Z2zl) = d3{U^yszl) - C/f+^^s^T, 
d3{U^y6z^) = d3{U^y6Z3Zi) = ^(C/r 25^3^2) = dsiUl'z^zj) = dsiU^yiX 
X Z5Z1) = d3{U^y4Z4Z2) = C/^+'^73^3^c^3(C/^^lo) - ;7r+'$5,<3((7r?7i*o) = 
= U^iUl + UIU4 + U2U3^3),d3{U^yio) = U^Ui,d3{U^zfz2y6) - Ul'+'x 
X U2zl{Uiye + U2Z^),d3{U'^y&zt) = d3{U'^ zlzlz^) = d3{Ul'zfz3Zi) = 

= d3{Ul'zlz2Z^) = Ziz2^4,rf3(C/r^4^i') = U{'+^ Z4ZI, d3{Ul' zlz2zl) = 

= d3{U^zl) = d3{U^zizlz3) = d3{U^zlz3y4) =d3{U^zlzly4) =U^+^U2zt, 
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= U^U2zf,d3{U^ztz2y4) = U^+'U2zt{Um + U2Z3),d3{Ul'ziZ2y7) = 

= dsiu^zizsze) = dsiU^zIze) = U^+^Z2y7,ds{U^Z2yl) = K+^U2yl 
ds{U^Z2y&) = K+^U2{Um + U2Zr),ds{U^y4y6) = U^Ul{U2y6 + Usy^), 
dsiU^zfze) = U^+^^szt,d3{U^zfzm) = U^^'Uszl{Um + U2Z3), 
daiU^zIyi) = U^Ui zj, dsiU^ z^ye) = U^+'Us{Uiye + U2Z5),d3{U^y4Ze) = 

= C/r+'$3(f/l2/3 + U2Z3),d3{U^zly4) = d3{U^ZiZ2Z3y4) = U^+'U2Z^X 

X {Uiyi + U2Z3),d3{U^ziZs) = O^daiKzl) = Q^d^iU^^ ziZ2Z3Zi) = 0, 
d3{U^Z2Zs) = 0,d3{U^Z3Zr) = 0,ds{U^zrzf) = O^dsiU^ zlziz^) = 0, 

d3(C/r^^i) = 0,d3{Ul'zlz3Z5) = 0,d3{U^Zizlz5) = 0,d3iKztz2Zi) = 0, 

dsiUlhjrzs) = 0,d3{Ul'zfz5) = 0,d3{U^ziz4) = 0, d3(C/i"^i^|) = 0, 
d^iUl'zlzl) = 0,d3{U^ztzl) = 0,d3{U^zlz^) = 0,d3{U^zlz3) = 0, 
d^iU^zfzl) = 0,d3{U^y9Zi) = 0,d3{U^zeZi) = 0,d3iU^ylzf) = 0, 
dsiU^zl'') = 0,d3{U^y7zf) = 0,d3{U^zeZ2zf) = 0. 
11) dsiU^zfz^y^) = dsiU^zfzsyA) = K+^zfzl{Um + U2Z3),d3{U^zfye) = 
= U^+'zf{Uiye + U2Z5),d3{U^zly4) = U^+'zf{Um + U2Z3),d3{U^zix 

X zhu) = d3{U^Z^Z3y4) = U^+'zl{Um + U2Z3),d3iU^yi0Zi) = U^+^x 

X (Uivio + U3Z7),d3{U^zlz3y6) - d3{U^zizlye) = U^+^ ziZ3{Uiye+ 

+ U2Z^),d3{Ul'zlz^) = d3{Ul'ziZ2Zs) = d3{U^zlyg) = d3iU^ZiZ4Ze) = 

= Ul'+''ziz<,,d3{Kzly4Z5) = U^+^ziZ5{Um + U2Z3), d3{U^ z^zf) = 

= d3{U^zlz!) = U^+'z!zr,d3{U^^zl') = U^+^zl°,d3{U^z',Z2Z3y4) = 

= d3{U^z,z^y4) = d3{U^zizlzl) = d3{U^zfzl) = d3{U^ztz3) = U^+'x 
X zlzld3{U^ylzf) = U^+'zfyld3{Ul'ysZ2Zi) = d3{U^yeZ4Zi) = d3{Uy 
X zrzszi) = d3{U^zlzi) = d3iU^Z5Z4Z2) = d3{U^zjzl) = dsiU^zjzs) = 

= U^+h3Z7,d3{U^Zizlz4) = d3{U^zfz4y4) = dsiU^ zfz2Z3Z4) = dsiU^ X 
X zlzlzr,) = d3{U^zfz2y6) = d3{U^zfz3Z5) = U^+hlz4, dsiU^ ZIZ2Z4) = 

= d3{U^ztzr,) = K+hlz5, d3{U^yloZi) = K+^iUiylo + 1/2(^9 + ^9)+ 
+ U3Zj),d3iU^zlzl) = d3iKzfz^) = d3{U^zfzlz3) = d3{U'^ zlz2yi) = 
= U'^+-'ztzld3{U'lzlz3) - d3{U'lzlzl) = U^+^Ulzlzld3{U'lz,y^z,) = 
= d3iUl'zeZ3Z2) = d3iU^y7zl) = dsl^/ryy^s^i) - U^^^Z3y7,d3{Ul'y7zt) = 
= d3{U^zeZ2zf) = U^+^zeZ2zld3{U^y4y6Zi) = U^+^[Uiy4ye + f/2(^32/6+ 
+ Z5y4)],d3{Ul'zlz5) = d3{U^Z2Z3ye) = d3(C/i"z2 252/4) = d3{Ul'z3Z4y4) = 
= Ul'+'uiz3Z5,d3{U^^ylz3) = Ul'+'uiyld3{UM = U^+'U2<^5, 
d3{U^zry4) = U^Ul{Um + U2Z3),d3{U^y7y4) = U^U2^3{Uiy4 + U2Z3), 
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d3{U^zn) = U^+'U3U^,d3iU^^3ye) = U^UiU3<i>3,d3{U^U2yey4) = U^x 
= xUl{U2y6 + Um^dsiU^Uayg) = d^iU^UiVw) = U^U2Ui,d3{U^U2X 

X 2/1*0) = u^U2{ulU4 + U2U3^3 + ui),d3{u^Um) = u^ulUiMu^^sx 

X ze) = U^+^^ldsiU^zfys) = U^zf{Um + U2Z^)MU^U2zlyi) = U^x 
X U^zldsiU^U^zsye) = U^U^{Uiye + U2Z5),ds{U^U^zg) = U^+^UlU^, 

dsiU^U^zl) = U^+'U^zld3{U^U2U3Zr) = U^+'U2Uld3{U^U^Z5y4) = 
= U^UlU^iUm + U2Z3),d3iU^U^yg) = U^+'U^U3'^3,d3{Ul'U^U3ye) = 
= d^iU^Ulys) = d3{U^U2Uiy4) = U^U^Ui , dsiU^Ul^sy^) = U^Ul^3, 

d3iU^zfz^Zi) = 0,d3(C/r;7|z3|/4) - KUUUm + U2Z3).d3{U'^UU7) = 

= U^+'UlUi,d3{U^^zizlze) = 0,d3{U^zlz2zl) = OMKUhjj) = C/r+'x 
X Ul^3,d3{U^Ulye) - d3{U^UlU3y4) = U{'UlU3,d3{U^^Utz^) = U['+^x 
X UlU3,d3{U'^zlzi) = Q,d3{U'^zlz^) = Q,d3{U'^Z(,zl) = Q,d3{U'^zlzl) = 

= d3{U^zlzlz3) = 0,d3{U^zfz3Z4) = , dsiU^ zf Z2Z5) = 0,d3{U^Zizl) = 
= d3{U^zfz2y7) = d3{U^zfz3Ze) = 0,d3{U^zlz2) = 0,d3{U^zfz2Z3) = 0, 
d3{U^ZiZ2Z3Z5) = 0,d3{U^Ziziz4) = 0,d3{U^zlz5) = 0, dsiU^ Z^Z3Zi) = 0, 

d3iU^ziZ2yl) = 0,d3{U^ziZ2zl) = 0,d3{U^Z4Zr) = 0,d3{U^Z2y9) = 0, 

d3{U^Z2zl) = d3{U^Z2Zg) = d3{U^ Z3ZS) - d3{U^Z4y7) = d3{U'^ Z^Z^) = 0, 
d3{U'^zlz2Z7) = 0,d3(C/rz?Z4Z5) = 0, d3{U'^ Z^^Z^) = 0,d3(C/i"C/3y2) = 0, 

d3{U'^Ulyl) = Q,d3{U{'U2zl) - 0,d3{U{'^3zl) = Q,d3{U^Ulz3Z^) = 0, 

rf3(C/r*6) = 0,d3(t/r(7|$5) = Q,d3{U{'U2^l) = 0,d3{U^U2U3Ui) = 0, 
d3{Ul'Ui^3) = 0,d3iU^U^zl) = 0,d3{U^U^U4) = 0,d3(C/rt/|C/3$3) = 0, 

d3{U^UiUi) = 0. 

12) dsiU^zfys) = d3iU^zfz2Zr) = dsiU^zfziZ^) = d3{U^zlz2zl) = f/f+^^ix 
xz2zld3{U'lzwzl) = U^+hwZl,d3{U^zfz2y8) = K+^ZiZ2{Um + U2Z7) 

dsiU^zfziye) = U^+^z^Zi{Um + U2Zr,),d3{U^zizm) = U^^^zlzi{Um+ 
+ U2Z3), d3{U^ztz2y6) = Ul'+^zfz2{Uiye + U2Z5),d3{U^ztz8) = f/f+^x 

X zfzs, d3{Kzfz2Z3y4) = dsiUl'zlzly^) = U^+^zizUUiy4 + U2Z3) , 
d3{U^zU2y4) = K+^zlz2{Um + U2Z3),d3iU^ztze) = U^+h!ze,d3{U^x 
X zly^ze) = U^+^zfze{Um + U2Z3),d3(U^zfyiye) = C/r+'zKC/ayg + C/32/4), 
d3iU^ziZ2Z3ye) = d3{U^zly^) = Ul'+^ z2Z3{Uiye + U2Z5), d3{U^zi2) = 
= U^+He,d3{Ul'ziZ2Z5y4) = rf3(C/r^i^3^4y4) = d3{U^ziz4y4) = C/f+'x 
X Z2Z5iUiy4 + U2Z3), d3iUl'zfz2y7) = d3{Ul'zlz3ZQ) = d3iUl'zfzlz6) = 
= U^+^zfz2y7,d3{U^ztzly4) = dsiU^zfzsyi) = U]^+'z^zld3{U^z^,z|) = 
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= daiU^zlzIz^) = ds{Ul'ztz2zl) = U'^+^ zlz2zl d^iU^^ ztzlz^) = dsCC/r^'^sX 
X Zi) = d3{U^zlz2Z5) = dsiKzlve) = U^+^'zfzizi, dsiU^zfzi) = U^+^zlzi, 
dsiU^ziz^zr) = dsiU^zfyw) = dsiU^zf) = U^+^ZiZr, d3{U^zl''z2) = U^+^x 
xzlz2,d3{U^zlz2Z3) = daiU^zfzl) = U^+hlzld3{U^zUi) = d3{U^zlz2Zi>< 
X yi) = d3{U^zfz2Z3Z5) = d3{U^zfz5y4) = d3{U^zfz3y6) = d3{U^zlzly6) = 

= d3{U^zlzlz4) = d3{U^Zizlz5) = daiU^ ZiZ^Z3Z4) = U^^"" z^zl d3{U^ zlz2X 

X yl) = U^^''ziZ2yld3{U^z,Z2zl) = dsiU^z^y^) = dsiU^zfzliu) = dsiU^x 
X zlzl) = daiUl'ziz^z^yi) = U^+^Z2zi, daiU^ziZaZs) = d3(U^ziZ2ZQ) = 
= diiV^zlza) = Ul'+^zszs, d3{U^Z2Z4Ze) d^iU^ziz^ze) = d^iU"^ ziz^yj) = 

= rf3(C/i"ziZ2y9)= C/i"+3z5Z6,d3(C/i"z2y*o) = V^+^Z^Zj + Z^yj + z^z^) , d^iU'^x 

X y4Zs) = U^'+^UiiUm + U2Z3),d3{U^Z2y4ye) = U^+^U3{Uw4ye + U2Z3y&+ 
+ U2Z5yi),d3{U^Z2yio) = U^+'U2iUiyio + U3Z7),d3iKziys) = U^+^UsiU^x 
xy8 + U2Zr),d3{U^Z2zly4) = U^+'U2zUUm + U2Z3),d3{U^zey6) = U^+^x 
X ^3{Uiye + U2Z5), d3{U^Z2ylo) = K+^U2{Uiy*,o + + ^72^9 + Uszr), 

d3{U^Z2Z3y7) =d3{U^zlz6) =d3{U^Zmy7) =d3{U^Z2yiZ6) =U^+^U2Z3y7, 

d3{U^Z4yl) = U^+^U^yj, d3{U^Z3Z4Z5) = d3{U^ziZry4) = d3{U^Z2Z3Zr) = 
= d3{U^ziy4) = d3{U^Z2zl) = dsiU^z.z^ye) = d3{U^Z2Z4ye)= d3iU^zlys) = 

= d3{U^ziZ3y8)= U^+^U2zld3{U^y4y8)= U^U2{Uiys+ Uly4),d3{U^zlye) = 
= d3iU^Z3Z5y4) = U^Uiz3Z,, ddU^yl) = U'^Uiyld3{U'^yi2) = Unul^3+ 

+ U2U3U4),d3{U^U3y9)= U^+'Ui<i>3,d3{U^U2Z5y6)= U^UiU3{Um+ C/2Z5), 

d3{U^U2y4Z7) = UlWiiUm + U2Z3),d3{U^U2Z3y8) = KU^iUiys + U2Z7), 

d3iUl'U2y4y7) = Ul'U2<i>3{Uiy4 + U2Z3),d3{U^U2Zn) = Ul'+'U2U3U4,d3{U^X 

X U2yii) = U^+'ui^5,d3iU^^3y7) = Ul'+'U2^l d3{Ul'Uiy4zl) = U^U^zl 
d3{U^Uly4y6) = U^U^{U2y6 + U3y4),d3{U^Ulyto)= U^Ul{UlU4+ U2U3^s^ 
+ Ui), d3{U^U2U3ys) = d3{U^Ulyw) = d3{U^Uiye) = U^UlUl, d3{U^U2X 

X$32/6)= rf3(f/rt^3$32/4) = U^UlU3^3,d3{U^U2U4y4) = U^U^U4, d3{U^Ulx 
X Zl) = U^+'Ulzj.d3{U^UlU4Z3) - K+'U^U4,d3{U^U2U3<i>3Z3) = dsiU^ X 

xU^yg)= U^+'uiU3<i>3,d3{U^Ulz3) = d3{U^U^U3Z7) = U^+'ulUi,d3{U^x 

X zfz2Zs) = 0, d3{U^zlz3Z7) = 0, d3{U^^ Z1Z2Z4Z5) = 0, dsiU^^ Ziziz7) = 0, 

d3{U^ztz3Z5) = 0, dsiU^zfzizs) = 0, d3{U^zlz2Z3Zi) = 0, d3{U^ziZ3zl) = 0, 
d3iU^zfzg) = 0,d3{Ul'zlzl) = 0,d3{U^zlz7) = 0,d3{U^zfzl) = 0,d3{U^x 
X zlz^) = Q,d3{U-^zlzl) = Q,d3{U{'zlzl) = Q,d3{Ul'zlzlz4) = 0, d3{U'^x 

X zlz2Z4) = 0, d3{V'^z\zlz3) = 0, d3(t/i"^M^I) = 0, d3{V'^ Zxziz3) = 0, 
d3{U'lz\z\) = 0,d3(f/i"4) = 0,d3(f/r-2?^|) = 0,d3(C/i"-2^3) = 0, rf3(C/i"-2?X 
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X Z4Z6) = 0, d:,iU^ztz2Ze) = 0, d:,{U^ ziZ2ZsZe) = 0, dsiU^ziz^yr) = 0, 
dsiUl'zfzsyr) = i),d-^{Ul'zizlz^) = O^dsiU^z^z^z^) = O^d^iV^ Z2zlzi) = 0, 
d^{Ul'zlzl) = G,d3(C/r%'') = Q^d^iUl'zly^) = 0,d3(C/r^^4') = 0,d3(C/rx 
X ^i^syl) = 0,d3(f/i"^?y7) = 0,rf3(f/i"4^6) = 0,d3(t^r-2|2/l) = 0,rf3(f/rx 
X 4) = 0, d3{U'lzr,y^) = 0, d3(«7r%') = 0, dz{U^yl) = 0, ds{U^zr,zj) = 0, 
dsiU^Ulzayr) = Q,ds{U?zmi) = Q,ds{U?Z2Zio) = Q,ds{U^U2U^yl) = 0, 
d^{U^ZiZ^) = 0,d3{U^z,zc>) = 0,d,(U^ni) = 0,d3((7rf/2*6) = 0,d3{U^X 

X f/3$5) = o,d3(c/rc/4*3) = o,d3(«7rt/^f) = o,(i3(c/r^3t/9) = o,d3(t^rx 

X zizii) = 0. 

13) dsiu^z,^) = u^+^n,, d3(c/r?yi3) = (7r+^$3[/4, d3(c/ryr3) = t^r+'c/2$6, 

dsiUl'zmzs) = U^+'z3Z^,ds{Ul'zlys) = Ul'+^zt{Um + U2Z7),d3{U['zlx 
X 222/8) = dsiU^zfz^ye) = Ul'+''zjzl dsiU^zfzm) = d^{Ul' zlz2y&) = 
= U^+hfzlz4,d3{U^Zizl) = dsiU^zfzl) = d3{U^zfzly4) = dsiU^zfz^x 
X zl) = ds{U^ztz2zm) = daiU^zfz^zs) = U^+hld3{U^zlz2Z3y6) = 
= dsiU^ziziye) = di{U^ zlz^z^yi) = d^iU^ zlz^ZiVi) = U^+^z^zsZs, 

dsiU^zlve) = U^+^zf{Um + U2Z5),d3{U^zly4Ze) = U^+hlz6,d3{U^zlx 
X Z2?;4) = K+'^ztzldsiUl^zfy^ye) = U^+^zfiUmVA + C/2Z3I/6 + U2Z,y4), 

dsiUl'ziz^zm) = K+^Z2zlzi,d3{U^zlzlyi) = d^iU^zUsyi) = K+^zfx 
X z|(C/ij/4 + U2Z3)MUl'ztz3y6) ^daiU^zfziye) =Ul'+^ zfz^iUiye + U2X 
X Z5)MUiztz5yi) = d3{U^zfz2Ziyi) = U^+^ zfz^iUiyi + t/a^s), ^al^^rx 
X zfyio) = U^+^zf{Umo + Uszj), dsiU^zfzIz^) = U^+^'zfzIzi, d^iUl'x 
X zizly^) = d^iUl'zlzjzsy^) - d^iU'^zfzIyi) = Ul'+^zHUm + U2Z3), 

d3{U^zfyto) = K^^zUU,ylo + U2Z9 + U2y9 + U3Zr),ds{U^ZiZ2y4y6) = 
= K+^Z2Z3{U2y6 + U3y4),ds{U^ziZ2zly4) = ds{U^zlz3y4) = daiU^z^x 
X zl) = U^+^'zldsiU^z.zeye) = K+h5y7,d3{U^zfy4y7) = d^{U^z^Z2X 
X y4Z6) = K^'^zmiUm + U2Z3), d3iU^zizly4) = d3{U^zfz7y4) = 
= U^+^zi{Um + U2Z3), dsiU^ziyl) = f/r+'y|(f/iy4 + U2Z3), d^iU^z^x 
X Z2ylo) = U^~^^{z3Zq + Z5Z7 + zsyr), d3{U"ziZ2yio) = dziV^ ziz^ys) = 
= U^+''z5Zr,d3{U^zty^) = Ul'+^zfz4Ze,d3{Ul'zlyl) - U^+^ zfyj, dsiU^ x 
X zlyj) = dziU'-^ zIz2Zq) = U'^+^ zlz2Zfi,d3{U'^ zlz^yfi)= d3{U'^ ziZ2Z4yfi) = 
= U^+^ziZ5{Uiye + U2Z5)MUizfz3y8)=d3{U^ziz4ys)= U['+''ziZ3{UiX 
xys + C/227), daiU^ziy^ys) = C/r+^(?7i 2/82/4 + C/2232/8 + ^^22:72/4), dsiUl'x 
X ziZ3Z5y4) = d3{U'i zizlye) ^ Ul'+^zl{Uiye + U2Z5), d3iUl'zfz2Zs) = 
= d3{U^ztz9) = U^+^zfzs,d3{U^zfz3Zr) = d3{U^zlz2Z4Z5) = d3{U^zfx 
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X zlzj) = dsiU^zfzl) = daiU^zfzszl) = d^iU^z^zlzl) = U^+h^z^zr, 
d^iU^zfzr) = dsiU^zlzl) = U^+hlzr,d3{U^zm2) = U^^\Um2 + U2Zn+ 
+ Usjfy), d3{U^zfzsZ5) = ds{U^ztzlz5) = ds{U^ z^z^z^Zi) = dsiU^zfzIz^) = 

= U^+^ztz3Z5MUizfz5)=d3{U^zlz2Z4)= U^+^ zlz^MUi zlzl) = d^iU^x 
X z'.zlz^) = d;{Ul^z',z^) - U^+^zfzld,{Ul^zl'>zs)=d^{U^z!zl)= U^+^zlz^, 
dsiUl'zl^) = U^+^zl^,d3{Ul'zlz4Ze) = U^+^zfz4Ze,d3{U^zlz5)^d3{U^zlz3X 
X Z4) - U^+^zlz3Z5, d3{U^zlz3ye) = U^+^zl{Uiye + C/2Z5), d^iUl'z^ZiZ^) = 
= U^+^Z5Zj, dsiUl'zlyo) = d3{Ul'z4y7Z2) = Ul'+^z^ys, d^iU^'^ z^zrz^y^) = 
= d3(C/r 22^5^4) = U['+'^Z3Zz{UiyQ + U2Zz), d^iUl' Z2Z^yQ) = d^iUl' Z2Z7yi) = 
= d3{U^Z2y8Z3) = d3{U^Z3Z4ye) = U^+'ulzld3{U^Z2y7y4) = U^+'U^z^yr, 

ds{U^Z2Z5Ze) = U^+h5y7,d3{U^zlz9)=dsiU^ZiZsZ9) = U^+h3Z9,d3{U^Z3X 

X yio) = U^UliUmo + U3Zr),d3{U^Z3yto) = U?U^{Uiylo + U2Z9 + 1/22/9+ 
+ ^73-27), dsiU^zsyAye) = U^Ui{Uiyey4 + U2Z5y4 + Uiyezs), daiU^z^zr) = 

= d3{U^zlz3) ^U^Uiz3ZrMU^zly4) = U^Ulzl{Uiyi + U2Z3)MU'^V7zl) = 
= U^Uly7Z3,d3{Ul'z3Z^Z4) = Ul'UlziZe,d3{Ul'y4Z9)= U^U2U4iUiy4 + U2Z3), 

d3{Ul'y9y4)= U^U3MUiy4 + U2Z3)MU^zlz5)=U^+^U3Z4Z5,d3iU^ylz5) = 

= U^+^U2U3yl d3{U^y4Z4Z5) = U^+^Ulzl d3{U^z^y3) = U^U2U3{Um+ 
+ C/2Z7), dsiUl'yeyr) = C/r;72$3(C/iy6 + C/225), dsiU^yezr) = Ui'Ui{Uiye+ 
+ U2Z5),d3{U^ziz^zs) = 0, d3{Ul'zizlz4) = 0, d3{U'^z'lz4) = 0, d3{Ul'zizl) = 0, 

d3iUl'ztz2Z7) = 0, d3{Ul'ztz4Z5) =0, d3{U^zlz2zl) =0, d3iU^ zU2y7) = 0, 

d3{U^ziozf) = 0, dsiU^z^zs) = 0, d3{U^zlze) = 0,d3{U^ztz3Ze) = 0,d3iU^x 

X zfz^ze) = 0,d3{U^zlz3) = 0,d3iU^z1z4Z7) = 0,d3iU^zfz2Z9) = 0,d3iU^X 
X zlz2zl) = 0,d3{U^ZiZ2Z4Z6) = 0, dsiU^ zfz2Z3Z^) = Q,d3{U^zlzlz3Z4) = 0, 
d3{U^zlz2y9) = f),d3{U^zlz2yl) = Q,d3{U'^zlz2zl) = 0,d3iU^zfz3Zs) = 0, 
d3iU^ztzlz3) = 0,d3{U^zfz2Z3) = 0,d3{U^Z2ylz3) = 0, d3{U^ Z^Z^Zi) = 0, 
d3iU^ZiZ2Z3y7) = 0,d3{U^ztz3Z4) = 0, d3{U^ ztz2Z5) = 0, d3{U^ zfz^Z^) = 0, 
d3{Kzfz4) = 0, d3iU^zlh2) = 0, dsiU^zfzl) = 0, d3{U^zlzl) = 0, d3{U^Z5X 

X zs) = 0,d3{U^zlz5Ze) = 0,d3{U^zfz4y7) = 0,d3{Ul'z5Z4zi) = 0,d3{Ul'zlx 
X Z3Z2) = 0,d3iU^zizlze) = 0,d3(U^ziZ4yl) = 0,d3iU^Z(iZj) = 0,d3{Ul'zeX 
X yr) = 0,d3{U^ziZ2Z3Z7) = 0,d3{U^ziZ3Z4Z5) = Q,d3iUiZiZ2zl) = 0,d3(t/rx 

X Z3Zw) = 0,d3{U^Z2Zu) = OMU1Z7ZI) = 0,d3iU^y7zi) = ^M^l Z2yil) = 
= 0, d3{KzeZ3zl) = 0, d3{Kzlz5Z2) = 0, d3{Kzizlzl) = 0, d3{Kz4Z9) = 0, 
d3{U^y9Z4) = 0,d3{U^ZiZi2) = 0. 
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n 32 
TTniMSp) 22Z 
Generators zf, 2z2zf, zfz2, 2zfz4,, zfy^ + z\z2, 2z\z2Zs, z\zr„2z\z2ln,'2'z1yQ, 
n 32 

TTniMSp) 22Z 

Generators 2:1^2^4, z^ye + Z1Z3Z4, 224J/4, 2^22/6, ^22/4 + Z2zi, ziyr, Z2Zq, z^z^,, 
n 32 33 

TTniMSp) 22Z I2Z2 

Generators zl,yl, zfz^, 2z8, 2yg, Oizfzl, Oi{zfyi + z^zl), di{zlyi + Z2zl), 
n 33 

TTn{MSp) I2Z2 

Generators 9i{zfye + ziZsZ4),T4,9iZiy7 = 61Z2ZQ = $3^1 ^2, 6*1^4 = OiZiz-j = 
n 33 
TTn{MSp) I2Z2 

Generators = $2-21-24, 6*1-23-25 = 4'2-22-23 = '^izl, Oizfzz, Oizfz^, 0iyl, 0izf 
n 34 

■Kn{MSp) I6Z2 

Generators Olzfzl, Oita, $f 2;|, $1^4, $2*3, *iT3, Olziyj, 9fzl, O^zsZs, efzfzn, 
n 34 

TTniMSp) I6Z2 

Generators el{z^y4 + zfz^), 0l{z^y4 + 222^), Olizfye + Z1Z3Z4), efyj, O^zf, 

n 34 35 36 

TTniMSp) I6Z2 30Z 
Generators 0\z\z1 2zf, -21-22, 2z\z2, zfz4, 2zfy4, 2ziZ2y4, 2z^, Z1Z3Z4, 

n 36 

TTniMSp) 30Z 

Generators + .22.23J/4, 2^9, 02-27, 2zly7, 2zizl, zsZq, 2ylzi,2yeZ3, Z5Z4, zlzz, 

n 36 
TTniMSp) 30Z 
Generators 2:2-23-24 + -21-222/6,-22-23-24 + -2i2;4y4,2-25-2f,2?/82;i,j/7-22,2;i2;3 + zfz2y4, 

n 36 37 

TTniMSp) 30Z I7Z2 

Generators 2zfye, 2251/4, 2zfzl, zizg, zfze, zlzl Oizlz2, Oiz^Z4, Oiz^zz, T5, $5 
n 37 
TTniMSp) I7Z2 
Generators ^1(2^ + 22231/4), ^12227 = O1Z5Z4 = $22224 = $2-2521, 6\z\zsZ4, 
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n 37 

■JTniMSp) 17Z2 

Generators 611(2:22:3-24 + -21-222/6), ^1 (-22-23-24 + -21-242/4), ^i(-2?-2| + zfz2y4),^iyl, 
n 37 

TTn{MSp) I7Z2 

Generators ^i^i^g = ^Az'i,9\z\zQ,9iz\z2,9iyTZ'2 = diz^za = ^aziz^ = ^3Z2, 

n 37 38 

TTniMSp) I7Z2 I9Z2 

Generators ^izsz^ = $2-2^ dlzlz2, Ofz^ZA, -2^-23, ^1(03 + .22.232/4), ^sn, 

n 38 
TTniMSp) I9Z2 

Generators 6i^5,9lz5Z4,0l{zfzl + zfz2y4),dlziZ8, 9lzfze,9lzfz2,di^iZ3Z5, 
n 38 
7r„(M5p) I9Z2 

Generators ^iT4, 9lyjZ2, 9l{z2Z3Z4 + Z1Z22/6), 6'i(.22.23-24 + .21^42/4), 6'i.2i.23-24, 

n 38 39 40 

TTniMSp) I9Z2 Z2 42Z 

Generators 6li$i2/|, $2r2 $?$4 = $i$2$3 22;f2;22/6, '^z^ZaVa, 2^2/4, 
n 40 

TTniMSp) 42Z 

Generators zj^s + 21 242:5, 22|, 212I23 + 2J2I2/4, 22^28, 2524, 22^222/4, 22^2|24, 

n 40 
7r„(MS'jj) 42Z 

Generators 21/10, 2^22/8, 22I2/6, -2^2324 + 2i2/6, 22:124, 22i26, 22i2|, zfz2 + zfy^, 
n 40 

TTniMSp) 42Z 

Generators 25, 22i22, 2242/6, 22/io, 2123J/6 + -2^24, 212/425 + 2324, 2232/6, 2222/I, 

n 40 
7r„(MS'jj) 42Z 

Generators 212/9, 21/42/6, 22/426, 2232/4, 2129, 2i2|, Z2Z4, zfzs, z^z^, zfz2, zfz2, 

n 40 41 

TTniMSp) 42Z 23Z2 

Generators 2i°, 232/7, 212/7, 2i2/|, 2223 6*1 (2123 + 212425), 9izlzl, 9izl°, 

n 41 
7r„(M5'j9) 23Z2 

Generators 9iizizlz3 + zlzlyi), 6*1 (2^2324 + z^yo), 9iizlzl + 2^2/4), 9izlzl, 
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n 41 

■JTniMSp) 23Z2 



Generators ^1(2:12/4-25 + -232^4), Oi{ziZsye + z^za), OiZsyr = ^3-22-23, ^2-23-24 = 

n 41 
TTn{MSp) 23Z2 
Generators = Oiz^ = $2-22-25, O-^z^z^, 6izlz2,0iZ\z% = ^1-22-23 = $4-21-22, Tg, 

n 41 

-KniMSp) 23Z2 

Generators ^12:^2:5, ^12^24, O-^ziy^, Oizfyr, Oizfyj, re, $1(23 + 22231/4), ki 
n 42 

TTniMSp) 29Z2 

Generators 0l{zfz3Z4 + zfy6),6lzfzl, 9l{zfzs + 212425), dl{zizlzz + zlzly^), 
n 42 
TTniMSp) 29Z2 

Generators 61^(212/425 + 2^24), 6'?(2i 232/6 + 2^24), 6*? 2"', 6'?2|, ^i(2;'2| + 2^2/4), 
n 42 

TTniMSp) 29Z2 

Generators 2124,^1232/7, ^12^25, Olz^zj, Olz^z^, OfziZg, Olzfz^, $2$4, $i$5, 
n 42 

TTniMSp) 29Z2 

Generators $i2/4> ^i^e > ^'i^'e, Ojziyg, Olzfyr, Olzfyj, 6'i$i(2| + 22232/4), 

n 42 43 44 

TTniMSp) 29Z2 56Z 

Generators $^2325, $ir5, $27-3 22?2/8, 22?2|2/4, 22^2/6, 22^2/4, 22i2/io, 



n 44 

TTniMSp) 56Z 



Generators 222232/4, 2i2io, 221222/6, 221252/4,22129,21222/8 + 21242/6,22^2325, 

n 44 
TTniMSp) 56Z 
Generators 21242/6 + -2125, 2526, 22124, 2^242/4 + z\ziy%, 2zfz5, 2zfz2, 2z\z\, 

n 44 

TTniMSp) 56Z 

Generators 2212/9, 212323 + 21222/4, 21222/6 + -21-23-25, -21-222/4 + ziz^z^, 22I23, 
n 44 
7r„(M5'p) 56Z 
Generators 22", 212/425 + 222326, 242/7, 23242/4 + 22232/6, 22232/6 + 2325, 22325, 



Ill 



Table 18. (continuation). 



n AA 
TTniMSp) 56Z 

Generators 2zn, ^zfyr, 2zfyl, 2z3yl, 2^5y6, 22/42:7, 2^32/8, 2y42/7, Z3Z8, ^ziy^yi, 
n AA 
■Kn{MSp) 56Z 
Generators 2ziylQ, zfz2y7, zizl, zfzg, zIzIza, zIza, zfze, zlzl, Z2Z3Z4, ziZ2yl, 
n AA 45 

■Kn{MSp) 56Z 3IZ2 

Generators zlz2,ZiZ7,Z2y9,Z2Zg, zfz4Z5, Z2zl Oi{ziZ2ys + ziz^ye), ^i^i^^io, 
n 45 
TTniMSp) 3IZ2 
Generators 6i{ziZ4y6 + z-^zl), 6i{zlziyi + zfz2y6), Oi{zfz2y6 + zfz3Z5),T7,T^ 
n 45 
TTniMSp) 3IZ2 
Generators 9i{ziZ2y4, + ziZ2zl),0iZ3Zs = ^122-2:9 = ^iZiZs = ^4Z2,0iZiZ4,Z5, 
n 45 
TTniMSp) 3IZ2 
Generators 6i{z3Z4y4 + Z2Zsye), 6i{zfz2Z3 + zfz2y4), 6i{ziy4ZQ + Z2Z3Ze), 
n 45 

TTniMSp) 3IZ2 

Generators 0i (22232/6 + zlz^),9iz'[z4,9iz\zQ,Oiz\z2Z4,0iZiZ2,Oiz\z2,OiZiZ2, 

n 45 
TTniMSp) 3IZ2 
Generators ^121222/7,^1212324,^121222/4,^12427 = $22! = $22127, ^12223, $6, 

n 45 

TTniMSp) 3IZ2 

Generators 6'iZ22/9 = 6*1242/7 = 6*12525 = $32224 =$1212/9 =$2212/7 =$22226, 
n 45 46 

TTniMSp) 3IZ2 36Z2 

Generators ^i2i28, $22/4, $12327 = $22325 = $125, $2232/7 ^?2i2io, $iT6, 
n 46 

7r„ (MS-p) 36Z2 

Generators 6*1(21242/4 + zfz2y6), 6*1(21222/8 + 21242/5), 6*1(21242/6 + 212I), 
n 46 

TTniMSp) 36Z2 

Generators ^1(21222/6 + zfzsz^), 6lizizly4 + ziz^z^), OIZ2Z3Z4, 0'lz\Z2y\, 
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n 46 

■JTniMSp) 36Z2 

Generators 6l{zlzlzs + zfz2y4), Ol{ziy4Ze + Z2Zsz%), Ofz^zs, Ofzjz^, OIz^zq, 

11 46 

TTniMSp) 36Z2 

Generators 6lzlz2'in,9lzizl, dl{z3Z4y4 + -22-232/6), 6'i(-22-232/6 + -23-25), Olzfz4Z5 
n 46 

TTniMSp) 36Z2 

Generators 6if 04-27, Oi^2Z3y7, (9i$22/|, ei^6,elzfz8,0'^zfz^Z4,0'^z^z^,elzfz2, 

n 46 
7r„(M5p) 36Z2 

Generators Oi^iz^zt, 0lz2Z^, 6*^-222/9, *2T4, ^iTg , $3T2, $4ri, $iti^;| 

n 47 48 

TTniMSp) 3Z2 77Z 

Generators $i$5, $i<I'2$4 = $2*3, ^It5 = *i$2T3 z?2/8 + ■2?^22/7, 2zi.2|, 

n 48 
7r„(MS'}5) 77Z 

Generators 2zlz2zl, 2zfzio, 22:1-222/8, ^zfziye, 2zfz4y4, 2zfz2y&,2zlyQ,2zlz4y4, 
n 48 

TTniMSp) 77Z 

Generators 2ziZ22/4, 2zly4y6, 2zfz22/7, 212:2,23 + -21Z32/4, 2zi2;8, -2iZ6 + zfzjzi, 

n 48 
TTniMSp) 77Z 

Generators 2zfz2Z4, 2zfz4, 2zfzQ, zfy4 + z[z2Z3, 2z\z%^ 2z^Z2, 2z\y4Z%,2z\^^ 
n 48 

TTniMSp) 77Z 

Generators ziZ4Zj + z-^yio, z^zsye + Z2Z4, 2^2-24, -22-24 + -2122242/4, 2^4, 2222:3, 

n 48 
7r„(M5p) 77Z 

Generators zfyio + .2?2/io + 2:1-222:9 + 2:12:22/9, 2^22/42/6, 222232/4, 221222/9, 2:2210, 
n 48 

TTniMSp) 77Z 

Generators 2222/^0, 22:22/10, 2242/8, 2262/6, 224^/4, 2242/4, -222:3 + -222/4, 22i222/|, 2;|, 

n 48 
TTniMSp) 77Z 

Generators 2j/428, 212/4-27 + 2:32425, 232425 + ziz^ye, 22242/6 + -222/8, 22326, 2t/|, 
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n 48 
TTniMSp) 77Z 

Generators 2y4y8, ^3^52/4 + z^ye, 2zlye, Z2Z3y7 + z-^yiyr, 2zi2,zfzg,zlzl,zfzl, 
n 48 

TTniMSp) 77Z 

Generators zfzl zW zfzl zfy,, z^z,, z\y,, z\\ zfyl z^zlz,, z^l z,y,,,zl 

n 48 49 

-KniMSp) 77Z 4IZ2 

Generators zlzlz4:, zizu, Z4Z8, zazg, Zayg, y}, z^zr K2, ^1 (-22-242/6 + z^ys), 

n 49 
TTniMSp) 4IZ2 

Generators Oizfz^, Oizfzl, yln, fli, Oiyl, OiizlzQ + zlzlz4),0izlzg,eizlzl, 

n 49 
TTniMSp) 4IZ2 

Generators 9iizfz2z'^ + zfz3y4), 0iizfy4 + z\z2Z^, 9\z\y\, Oizfzj, dizlzlz^, 

n 49 
TTniMSp) 4IZ2 

Generators rg, ^1-23) Giizfz^ye + Z2Z4), ^1(2:2-24 + ZiZ2Z4y4), O1Z2Z3Z4, Oizfyr, 
n 49 

TTniMSp) 4IZ2 

Generators 6'i (2124^7 + -2?yio), 6'i(-2|-2^3 + Z2y4),Oizlz5,0iZ2,Oizfyl,0izfy9, 

n 49 
TTniMSp) 4IZ2 

Generators ^i(-2iJ/io + zfyiQ + Z1Z2Z9 + 2:1 2:22/9), ^1(2:12/4-27 + 2:32425), Oizlze, 
n 49 

7r„(M5p) 4IZ2 

Generators 6'i (232425 + 21252/5), 6*1(23252/4 + 232/5), 6*1(22232/7 + 212/42/7), diz\^ 

n 49 
TTniMSp) 4IZ2 

Generators ^12423 = Oizizn = ^22! = $42124, $1(22232/6 + 21 25), ^1212/11 = 
n 49 

TTniMSp) 4IZ2 

Generators = 6*1 22210 = $521 22,6'i 2329 = $12323 = $42223,6*1232/9 = $22326 = 
n 49 

TTniMSp) 4IZ2 

Generators = $1242/7 = $32324, $1(23242/4 + 2325), ^12527 = $12427 = 
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n 49 50 

TTniMSp) 4IZ2 48Z2 

Generators = $2-22-27 = $2-^4-25 O1K2, Ol{z2Z4ye + -zfyg), Olzfz2, 0\zlzl, 
n 50 

TTniMSp) 48Z2 

Generators 6*1X8, Oiyln^ei^i^elyl, 9l{z^Z2zl + ^1^32/4), 61{zIzq + z^zIza), 
n 50 
7r„(M5p) 48Z2 
Generators Olzfzg, 6\zlzl6\{zlyi + zlz2Zs), Olz^yl, Ofzj, Ofzfzj, Olzlz^Zi, 
n 50 
^„(Af5p) 48Z2 
Generators Olizfzsye + ^2-^4), ^1 (-22-24 + zlz2Ziyi) , 0lz2zlz4,, Ofzlz^, Ofzlyr , 
n 50 
7r„(M5p) 48Z2 

Generators (2:1 2:4-27 + zfyio), ^?(-2i-23 + -222/4), 6'?(-2i2/4-27 + -23-24-25), O^z^yj, 
n 50 
^„(Af5p) 48Z2 
Generators 6l{zlyio + zfyl^ + Z1Z2Z9 + 21222/9), 6*1(232425 + 21252/6), OfzfyQ, 
n 50 
7r„(Af5p) 48Z2 
Generators $2T5, Ofz2, 9l{zzZr,yi + zlyo), 6l{z2Z3y7 + 212/42/7), 0\zIzq, 6lz\'^, 
n 50 

TTniMSp) 48Z2 

Generators 6*121211, 6'i$i (22232/6 + -2^25), 6'i$i(23242/4 + -2^25), 6*1232/9, ^>ir7, 
n 50 51 

TTniMSp) 48Z2 

Generators 6'?2i?yii, 6*^2329, 6*? 25-27, ^>ir7*, 4>3r3, $i$6, $2*5, ^i^2yl 
Remark. In Table 18 we have used the following notations: 



Tl = UiyA + f/223, T2 = ?7i2/6 + U^Z^, T3 = ?722/6 + t^32/4, T4 = C^l2/8 + ^^22^7, T5 = 

= f/22/8 + U^y&^Te, = Uiyio + U^Z7,t^ = Uiiy'l^^ + yio) + 1/2(29 + j/9),Xi = 
= C^i2/62/4 + [^2(2/6^3 + 2/42:5), ^7 = ^^22/10 + Usys, ts = C/12/12 + Usizg + 2/9), 

7"7 = ^2(2/^0 + 2/10) + ^32/6 + C/42/4,X2 = C/l2/82/4 + £^2 (2/8^3 + 2/4^7) • 
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